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ON ROOTS OF NORMAL OPERATORS AND EXTENSIONS OF
ANDO’S THEOREM

HRANISLAV STANKOVIC AND CARLOS KUBRUSLY

ABSTRACT. In this paper, we extend Ando’s theorem on paranormal operators,
which states that if T € B(H) is a paranormal operator and there exists
n € N such that T™ is normal, then T is normal. We generalize this result
to the broader classes of k-paranormal operators and absolute-k-paranormal
operators. Furthermore, in the case of a separable Hilbert space H, we show
that if T' € B(H) is a k-quasi-paranormal operator for some k € N, and there
exists n € N such that 7™ is normal, then T decomposes as T = T’ & T",
where T’ is normal and T” is nilpotent of nil-index at most min{n,k + 1},
with either summand potentially absent.

1. INTRODUCTION

Let (H,{,)) be a complex Hilbert space, and let B(H) denote the algebra of
bounded linear operators on H. The null space and the range of an operator
T € B(H) are denoted by N (T) and R(T), respectively. The adjoint of T is
denoted by T*. A closed subspace £ C H is a reducing subspace of an operator
T € B(H) if it is invariant under both T and T%, i.e., if T'(£) C £ and T*(L) C L.
An operator T is said to be nilpotent if there exists n € N such that 7™ = 0. The
smallest such n (if it exists) is called the nil-index of a nilpotent operator 7. An
operator T is said to be positive, in notation T > 0, if (Tx,z) > 0 for all x € H,
and self-adjoint (Hermitian) if T = T*.

An operator T is said to be normal if 7%7T = TT*, and an operator is said to be
pure if it has no nonzero reducing subspace on which it is normal. It is well known
that each T' € B(H) can be represented in a unique way as T' = T;,  T},, where T,
is normal and T, is a pure operator (see [9, Proposition 2.1]). The theory of normal
operators has been extensively developed, primarily due to the applicability of the
Spectral Theorem, which plays a central role in their analysis.

Because of their fundamental importance in operator theory and quantum me-
chanics, numerous generalizations of normal operators have been introduced over
the years. Some of the most prominent classes include:

e quasinormal operators: T commutes with T*T, i.e., TT*T = T*T?;
e subnormal operators: there exist a Hilbert space £ and a normal operator
N € B(H & L) such that

- 39~

e hyponormal operators: 177 < T*T;
e p-hyponormal operators: (T7*)P < (T*T)P for some 0 < p < 1;
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e class A operators: T*T < (T*2T2)1/2;

e paranormal operators: ||Tz|? < || T2z ||z| for all z € H;

e normaloid operators: r(1") = |T’||, where r(T") denotes the spectral radius of
T. Equivalently, | T™| = ||T||" for each n € N.

It is well known that the following (strict) inclusions hold:
normal C quasinormal C subnormal C hyponormal
C p-hyponormal C class A C paranormal (1.1)
C normaloid.
The classes of subnormal and hyponormal operators were introduced by Halmos
in [22], while the study of quasinormal operators was first conducted by Brown in
[7]. The class of p-hyponormal operators was defined as an extension of hyponormal

operators in [46] and has since been investigated by many authors; see, for instance,
1, 2].

The concepts of paranormal operators and operators of class A were introduced
by Istratescu in [24] and by Furuta, Tto, and Yamazaki in [20], respectively. Para-
normal operators have garnered considerable attention, particularly in view of the
results in [18], [25], and [26]. For an insightful comparison between paranormal
operators and class A operators, see [27].

For more details on the mentioned classes, we refer the reader to [19, 29].

Several generalizations of the class of paranormal operators have been intro-
duced, as well. More precisely, the following classes have emerged:

Definition 1.1. Let k € NU {0}. An operator T € B(H) is called

e k-quasi-paranormal if

1T ] < | T*22| T ), =€ R (1.2)
e k-paranormal if

T < |75 | 2], =My (1.3)
e absolute-k-paranormal if

T < ||| 2], = €M (1.4)
Using the fact that [||T|Tz|| = ||T%z||, for any T € B(H) and & € H, we note that

paranormal = 0-quasi-paranormal
= 1-paranormal
= absolute-1-paranormal.
The class of k-quasi-paranormal operators was introduced in [21]. In the special case
when k = 1, these operators are known as quasi-paranormal, a class already studied
in [23]. The notion of k-paranormal operators was first mentioned in [25], and later

studied in more detail in [14, 30]. The class of absolute-k-paranormal operators
was defined in [20], where some fundamental properties were also established.

It follows from [18, Lemma 2] and [25, Theorem 1] (cf. [30, Proposition 1]) that

normal C --- C paranormal C k-paranormal C normaloid. (1.5)
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Similarly, [20, Theorem 2] and [20, Theorem 5] yield
normal C --- C paranormal C absolute-k-paranormal C normaloid. (1.6)

On the other hand, the class of k-quasi-paranormal operators does not fit into
the inclusion chain (1.1). Indeed, every nilpotent operator of order k + 1 (i.e.,
satisfying T5+1 = 0), where k € N, is k-quasi-paranormal. However, since there
exist nilpotent operators of any order k > 2 that are not normaloids, it follows that

k-quasi-paranormal Z normaloid, k € N,

However, it is proved in [21, Corollary 2.5] that if T is k-quasi-paranormal for some
k € N and HT"HH = [|[T™|| ||T| for some n > k, then T is normaloid. On the other
hand, the inclusion

paranormal C k-quasi-paranormal, k € N,

clearly always holds. This follows directly by applying the definition of paranor-
mality to the vector T*z in place of z. In fact, we have that

k-quasi-paranormal C (k + 1)-quasi-paranormal
for each k € N.

The aforementioned classes, along with the inclusion chains (1.5) and (1.6), will
provide the basis for the subsequent discussion.

2. THE n-TH ROOT PROBLEM

An intriguing problem in operator theory is the investigation of conditions under
which certain operators are self-adjoint, normal, or belong to one of the other
operator classes discussed above. This topic has attracted significant attention
from many researchers, as evidenced by [5, 6, 15, 16, 40, 43, 42, 44]. A closely
related and natural question is identifying the conditions under which the reverse
inclusions in (1.1) hold.

One line of investigation into these problems involves spectral properties of op-
erators. For instance, in [37], it was shown that if a hyponormal operator has a
spectrum of zero area, then the operator must be normal. This result has since
been extended to other classes of operators (see [8, 45, 46]).

Another fruitful approach involves examining powers (or polynomials) of oper-
ators that belong to a given class. More precisely, if T' € &, where £ is one of the
classes appearing in (1.1), and if 7™ € € for some n € N, where € is a subclass of
R, one may ask whether it follows that T' € €. We refer to this as the n-th root
problem (for the class €).

A pioneering result in this direction is due to Stampfli [40], who proved the
following:

Theorem 2.1. [40, Theorem 5] Let T' € B(H) be a hyponormal operator. If there
exists n € N such that T™ is normal, then T is normal.

The original proof by Stampfli relied on a technique based on the Spectral The-
orem. A more elementary argument, along with an extension, was provided in
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[3]. Specifically, the authors in [3] showed that for any p-hyponormal operator
T € B(H) and any n € N, the following inequality holds:

(T TP > (T*T)P > (TT*)P > (T™(T")*)"'".

Therefore, if in addition 7™ is normal for some n € N, then all the inequalities
become equalities:

(T TP/ = (T*T)P = (TT*)P = (T™(T")*)P/",
which implies that T" must be normal.

In particular, Theorem 2.1 also applies when hyponormality is replaced by quasi-
normality or subnormality. Here, we present direct proofs for the quasinormal case,
as it may be useful in other settings (see [11, Theorem 2.10] for the unbounded case).
We begin by recalling a fundamental characterization of quasinormal operators.

Theorem 2.2. [17] Let T be a bounded operator on H. Then the following condi-
tions are equivalent:

(i) T is quasinormal;
(ii) (T*)*T* = (T*T)*, for each k € N;
(iii) there exists a (unique) spectral Borel measure E on Ry = [0,00) such that

(T*)kT* :/R z* B(dz), keN.
+

A direct proof for the quasinormal case goes as follows.

Theorem 2.3. Let T € B(H) be a quasinormal operator. If T™ is normal for
some n € N, then T is normal.

Proof. Assume that T™ is normal for some n € N. Since T™ commutes with T,
by Fuglede-Putnam theorem we have that T™ also commutes with 7%, and thus, it
commutes with 7*" !, Now, using Theorem 2.2, we have that

T*T(T*T)" ™ = (T*T)" = T*"T™ = T*T" 7" = T*7(T"~'7*" ).
From here,
T ((T*T)TH - T”*]T*”_l) —0. (2.1)

By applying Theorem 2.2 once again, and taking the adjoint on both sides of (2.1),
we have that

(Tt i) T 0,

It follows that 7+ 'T"=1 = Tn=17*"~! on R(T*). Also, since N(T) C N(T*)
(because T is quasinormal, and thus hyponormal), it is clear that 7*" 1771 =
T"=17*" " on N(T). Thus, T*" 'T"~' = T»=17*"~! on ‘H, demonstrating that
T™~1 is normal. By continuing this process, we may conclude that 7" is normal. O

Another, even simpler proof, can be derived from the following observation.

Lemma 2.1. Let T € B(H) be a quasinormal operator. If N(T*) C N(T), then
T is normal.
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Proof. By multiplying the equality TT*T = T*TT from the right by T™*, we have
that
Tr*117* =T"TTT™,

and thus T7T* = T*T on R(T). Furthermore, N (T*) C N(T) clearly implies that
TT* =T*T on N(T*), proving that T is normal. |

A second proof of Theorem 2.8. Due to Theorem 2.2 and the normality of T, we
have that

(T*T)" = T*"T™ = T"T*".

From here,
N(T*) CN(T*") = N(T™T*") = N(T*T)") = N(T*T) = N(T).
The conclusion now follows from Lemma 2.1. d

Although it predates the work of Aluthge and Wang [3], the following result by
Ando [4] extends Theorem 2.1 to a broader class of operatorsnamely, the class of
paranormal operators.

Theorem 2.4. [4, Theorem 6] Let T € B(H) be a paranormal operator. If there
exists n € N such that T™ is normal, then T is normal.

The following example demonstrates that this result does not extend further
along the inclusion chain (1.1).

Example 2.1. Let M, N € B(H) \ {0} be such that M is normal, N2 = 0, and
IN|| < ||M||. Define T € B(H & H) as

ru o)

Then, for each n > 2,

1T =

K

showing that 7" is normaloid. Clearly, T™ is normal, while T is not.

"0 n n n
o] = 13 = o = i,

While the n-th root problem for normal operators has been explored extensively,
a parallel investigation for quasinormal operators has only recently begun. In par-
ticular, the study of the n-th root problem for the class of quasinormal operators
was initiated in [10], where the authors considered subnormal square roots of quasi-
normal operators.

As a simple observation, if 7" is subnormal (or even paranormal) and right in-
vertible, and T™ is quasinormal, for some n € N, then T" must be normal. Indeed,
quasinormality of T implies

(T*"T™ — T"T*")T" =0,

and since T is right invertible, it follows that 7™ is normal. Consequently, T is
normal (by Theorem 2.4).

Looking from the other side, the authors in [10] established the following result.

Theorem 2.5. [10, Theorem 2.3] Let T € B(H) be a left-invertible subnormal
operator. If T? is quasinormal, then T is quasinormal.
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Soon after, Pietrzycki and Stochel [34] removed the left-invertibility assumption
and generalized the result to arbitrary powers:

Theorem 2.6. [34, Theorem 1.2] Let T € B(H) be a subnormal operator such that
T is quasinormal for some n € N. Then T is quasinormal.

For an elementary proof of Theorem 2.6, see [43]. Additional related results can
be found in [42].

In a subsequent paper, Pietrzycki and Stochel extended Theorem 2.6 further
along the inclusion chain (1.1), proving the following result:

Theorem 2.7. [35, Theorem 1.2] Let T € B(H) be a class A operator such that
T™ is quasinormal for some n € N. Then T is quasinormal.

The n-th root problem for the class of subnormal operators notably differs from
the previous cases. Specifically, as shown in [41], a hyponormal operator T' may
have a power T™ that is subnormal for some n € N, while T itself is not subnormal.
This example indicates that the n-th root problem for subnormal operators has a
negative answer with respect to any class further down the inclusion chain (1.1).

The previous discussion naturally gives rise to the following two questions of
interest.

Question 2.1. Let T' € B(H) be a k-paranormal (absolute-k-paranormal) oper-
ator for some k£ € N. If T™ is normal for some n € N, does it follow that T is
normal?

Question 2.2. Let T' € B(H) be a paranormal operator. If 7" is quasinormal for
some n € N, does it follow that T is quasinormal?

Of course, similar questions can be formulated for other operator classes within
the extended chains (1.5) and (1.6).

3. EXTENSIONS OF ANDO’S THEOREM

In this section, we provide a positive answer to the Question 2.1. Specifically,
we establish the following results:

Theorem 3.1. Let T € B(H) be a k-paranormal or absolute-k-paranormal oper-
ator for some k € N. If there exists n € N such that T™ is normal, then T is
normal.

Theorem 3.2. Let H be a separable Hilbert space and let T € B(H) be a k-quasi-
paranormal operator for some k € N. If there exists n € N such that T™ is nor-
mal, then T =T & T", where T' is normal and T" is nilpotent of index at most
min{n, k + 1}. (Fither summand may be absent.)

Due to the additional technical challenges involved in the proof of Theorem 3.2,
we will present it in full detail. The proof of Theorem 3.1, on the other hand,
follows similar ideas; we will therefore highlight only the key differences.

Before proceeding with the proof of Theorem 3.2, we refer the reader to [32, 39]
for details on the direct integral decomposition of von Neumann algebras, which will
play a crucial role in our argument. We also recall the following characterization of
k-quasi-paranormal operators.
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Theorem 3.3. [21, Theorem 2.1] Let T € B(H) and k € N. Then T is k-quasi-

paranormal if and only if
A Ko A A e A (3.1)
for all ¢ > 0.

Proof of Theorem 3.2. Without loss of generality, we may assume that 7™ is normal
for some n > k. Let A denote the abelian von Neumann algebra generated by 7.
By the Spectral Theorem, the Hilbert space H can be identified with a direct
integral

©
H = Hx d,LL()\),
a(T™)

where each operator in A acts as a multiplication operator on this decomposition.
Specially,

53]
™ — / Adp(N).
o(T™)

Furthermore, the commutant A’ of A is decomposable relative to this representa-
tion. Since T € A’, it follows that T' can be expressed as

2]
T= / TA d,u()\),
o(T™)
where Ty is an operator on H, for all A € o(T™). Therefore, we have that
TV = A, (3.2)

for p-almost all A € a(T™), where I, denotes the identity operator on Hilbert space
Hy, A € o(TT).

Now let ¢ > 0 be arbitrary. Since T is k-quasi-paranormal, it satisfies (3.1), and
thus,
&
/ [T3EP2TE 2 — 2T 4+ CTRFTY] dp(N) > 0.
o(T™)

By [32, Proposition 2.6.1], we have that
TR P22 ok Ikt L 21k >0, ¢ >0, (3.3)

for p-almost all A € ¢(T™). In other words, T} is k-quasi-paranormal for u-almost
all A € o(T™), by Theorem 3.3.

Let E be a measure zero set such that (3.2) and (3.3) holds on ¢(T™) \ E, and
let A € o(T™) \ E be arbitrary. If A = 0, then, using [21, Theorem 2.4], we have
that Tg™! = 0. Hence, assume that A # 0. Since n > k, we have that (3.3) holds
for k = n, which together with (3.2) implies that

INPT2TS — 20 NPT + GIAPIN >0, (> 0.
By dividing with |\|? # 0, it follows that
T32TR — 20T Ty + ¢ > 0, ¢ >0,
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i.e., Ty is paranormal. Let x) € H, be an arbitrary unit vector. By [27, Theorem
D], we have that

ITszal| < | T225||7 < ... < TPzl < | T2 | < ..

In particular, |Thza|| < |[TXzx 7_11, from where it follows that

ITyeall < A7 (3.4)
while [T % < |72+ 2| ™ yield

A <IN | Taaa |

i.e,

N7 < [ Thaa] - (3.5)
Combining (3.4) and (3.5), we obtain that

T3Ty = A7 15,

and consequently, T} is quasinormal. Since T) is invertible, we finally conclude that
it must be normal.

Thus, keeping in mind [32, Proposition 2.6.1], we have that the desired decom-
position is T =T' & T"”, where
5]
T = / Tndu(\) and T" =T,.
o(T™)\{0}
This completes the proof. O

The nilpotent part 7* in Theorem 3.2 can be further elaborated in case of n = 2.
The crucial result is the following representation theorem of the square roots of
normal operators proved by Radjavi and Rosenthal in [38]. We present it here in a
slightly different form.

Theorem 3.4. [38] Let T' € B(H). The operator T is a square root of a normal
operator if and only if

0 -B
where A, B are normal, C > 0, C is one-to-one and BC = CB.

r-as |y Gl

For other related results regarding the structure of the n-th roots of normal
operators, we refer the reader to [12, 13, 28, 31, 36].

Theorem 3.5. Let H be a separable Hilbert space and let T € B(H) be a k-quasi-
paranormal operator for some k € N such that T? is normal. Consider the decom-
position in Theorem 3.2. If the nilpotent part T" is pure, then it is given by
0 C}

"
T _[o 0

(3.6)

with C' being an injective positive operator.
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Proof. According to Theorem 3.4, we have that

. _[B C
=[5 %)

where C is a positive operator commuting with B, and B is normal. By Theorem
3.2, T" is nilpotent of index at most 2. In other words,

2
T2 = [% 122} — 0,

from where it follows that B2 = 0. Since the only nilpotent normal operator is the
zero operator, we conclude that B = 0, showing that T” is given by (3.6). O

In order to prove Theorem 3.1, we first need the following two results.

Lemma 3.1. Let T € B(H) and k € N.
(i) T is a k-paranormal if and only if

TR (£ DN T + kAR > 0, (3.7)

for each A > 0.
(ii) T is a absolute-k-paranormal if and only if

T*(T*TYT — (k + DXFT*T 4+ kXM > 0, (3.8)
for each A > 0.
Proof. The proof of the second part can be found in [20]. Thus, we only prove ().
Let € H and A > 0 be arbitrary. From (1.3), we have that

(T*Tw,z) < (T g, x>“1 <x,x>’~¢+1

o

1
"
1

<X>k<T*k+]Tk+]x,x>] M (@, )] 7T

Using Young’s inequality for real numbers, this further implies

1, . k
(T*Tz,z) < TEIV (T*FH TR g 2) + k—HA<x,x>, (3.9)
and thus,
THHTR — (b + D)APTT + kAP > 0.
T*k+1Tk+1
By taking A = < T ) lf <T*k+]Tk+]x 27> =0, we let
A — 0), we see that (1.3 holds |

Lemma 3.2. Let T € B(H) be a k-paranormal or absolute-k-paranormal operator
for some k € N. If there exists n € N and A € C such that T™ = A, then T is
normal.
Proof. Since T is normaloid in both cases, it follows that

17" = [T = Al
which implies | 7] = [A|*. If A = 0, the result is immediate. Thus, assume A # 0
and let € H be an arbitrary unit vector.
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First consider the case when 7 is k-paranormal. By taking 77 'z instead of x
in (1.3), we get
e e |
kE(n—1
< DTl 1A

k4+1-% k—1
< AFTITIT T
— |)\‘k+]7%

Tz||
S |)\‘k+1 ,

1
n

and thus, |Tz| = |\ T

. Therefore, T*T = |\

Now assume that 7" is absolute-k-paranormal. In a similar fashion, using (1.4),
we have
|)\|k+1 _ HTnLBHkJrl < H|T‘anSC|| ||Tn7]x||k

k(n—1
< TR A

kpl—L k—1
< APTTIT T
k+1—-2L
=[P T
§|)\|k+]7

and again, T*T = |\ "I

In both cases, by multiplying this equality from the right by 77!, we obtain
T* = A=A~ 1T

This clearly implies the normality of 7. O

Proof of Theorem 3.1. We only present a proof in the case when T is k-paranormal,
as the second case can be proved analogously.

First assume that the Hilbert space H is separable and let us use the same
notation as in the proof of Theorem 3.2. Let ¢ > 0 be arbitrary. Since T is
k-paranormal, it satisfies (3.7), and thus,

@
/ [T = (k4 D TRT + kK L] du()) = 0,
o(T™)

By [32, Proposition 2.6.1], we have that
TEFATE (ke + )T TN + kCF L >0, ¢ >0,

for p-almost all A € o(7™). In other words, Ty is k-paranormal for p-almost all
A€ o(T™), by Lemma 3.1. Lemma 3.2 now implies that T’ is normal for u-almost
all A € g(T™). This shows that T' is also normal.

We now turn to the general case where H is not necessarily separable. Our
approach is inspired by techniques from [33, Lemma 3.1]. Let y € H be arbitrary.
Define H, C 'H as

H, = \/ {T*”’T“ Ty Gy i) G k) € NE R € N},
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where \/ S denotes the closure of the linear span of vectors in a set S C H. Then, it
is easy to see that H, is a separable Hilbert space and it reduces T'. Let Ty, := T'|3,.
Note that T, satisfies (1.2) for all z € H,. Thus, T, is k-quasi-paranormal and T3}
is normal. Consequently, 7}, is normal, and

Ty =T, T,y =T, T,y =T"Ty.
Since y € ‘H was arbitrary, we conclude that TT* = T*T, i.e., T is normal. O
Remark 3.1. It is clear that Theorem 2.4 appears as a special case of Theorem

3.1 when k£ = 1. Also, the examination of the previous proof naturally leads to the
question of whether the separability assumption in Theorem 3.2 can be dropped.

We conclude the paper with the following result concerning normal powers of
operators.

Corollary 3.1. Let T € B(H) be an invertible operator and let k € N. If T™
is k-paranormal or absolute-k-paranormal, and T™ is normal, where m,n > 2 are
coprime integers, then T is normal.

Proof. Since T™ is normal, we have that (IT"™)" = (T™)™ is also normal. By

Theorem 3.1, we conclude that T™ is normal. The result now follows from [11,

Theorem 2.21]. O
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