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�� ,QW U RGXF W LRQ

/HW �+� K � L� EH D FRPSOH[ +LOEHUW VSDFH� DQG OHW %�+� GHQRWH WKH DOJHEUD RI
ERXQGHG OLQHDU RSHUDWRUV RQ +� 7KH QXOO VSDFH DQG WKH UDQJH RI DQ RSHUDWRU
7 � %�+� DUH GHQRWHG E\ 1 �7 � DQG 5�7 �� UHVSHFWLYHO\� 7KH DGMRLQW RI 7 LV
GHQRWHG E\ 7 � � $ FORVHG VXEVSDFH / v + LV D UHGXFLQJ VXEVSDFH RI DQ RSHUDWRU
7 � %�+� LI LW LV LQYDULDQW XQGHU ERWK 7 DQG 7 � � L�H�� LI 7 � / � v / DQG 7 � �/ � v / �
$Q RSHUDWRU 7 LV VDLG WR EH QLOSRWHQW LI WKHUH H[LVWV Q � 1 VXFK WKDW 7 �  �� 7KH
VPDOOHVW VXFK Q �LI LW H[LVWV� LV FDOOHG WKH QLO�LQGH[ RI D QLOSRWHQW RSHUDWRU 7 � $Q
RSHUDWRU 7 LV VDLG WR EH SRVLWLYH� LQ QRWDWLRQ 7 y �� LI K7[� [L y � IRU DOO [ � +�
DQG VHOI�DGMRLQW �+HUPLWLDQ� LI 7  7 � �
$Q RSHUDWRU 7 LV VDLG WR EH QRUPDO LI 7 � 7  77 � � DQG DQ RSHUDWRU LV VDLG WR EH

SXUH LI LW KDV QR QRQ]HUR UHGXFLQJ VXEVSDFH RQ ZKLFK LW LV QRUPDO� ,W LV ZHOO NQRZQ
WKDW HDFK 7 � %�+� FDQ EH UHSUHVHQWHG LQ D XQLTXH ZD\ DV 7  7 � j 7 � � ZKHUH 7 �
LV QRUPDO DQG 7 � LV D SXUH RSHUDWRU �VHH >�� 3URSRVLWLRQ ���@�� 7KH WKHRU\ RI QRUPDO
RSHUDWRUV KDV EHHQ H[WHQVLYHO\ GHYHORSHG� SULPDULO\ GXH WR WKH DSSOLFDELOLW\ RI WKH
6SHFWUDO 7KHRUHP� ZKLFK SOD\V D FHQWUDO UROH LQ WKHLU DQDO\VLV�

%HFDXVH RI WKHLU IXQGDPHQWDO LPSRUWDQFH LQ RSHUDWRU WKHRU\ DQG TXDQWXP PH�
FKDQLFV� QXPHURXV JHQHUDOL]DWLRQV RI QRUPDO RSHUDWRUV KDYH EHHQ LQWURGXFHG RYHU
WKH \HDUV� 6RPH RI WKH PRVW SURPLQHQW FODVVHV LQFOXGH�

s TXDVLQRUPDO RSHUDWRUV� 7 FRPPXWHV ZLWK 7 � 7 � L�H�� 77 � 7  7 � 7 � �
s VXEQRUPDO RSHUDWRUV� WKHUH H[LVW D +LOEHUW VSDFH / DQG D QRUPDO RSHUDWRU

1 � %�+j / � VXFK WKDW
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s K\SRQRUPDO RSHUDWRUV� 77 � x 7 � 7 �
s S�K\SRQRUPDO RSHUDWRUV� �77 � � � x �7 � 7 � � IRU VRPH � � S x ��
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s FODVV $ RSHUDWRUV� 7 � 7 x
b

7 � � 7 � c
¨8» � �

s SDUDQRUPDO RSHUDWRUV� N7[N � x N7 � [N N[N IRU DOO [ � +�
s QRUPDORLG RSHUDWRUV� U�7 �  N7 N� ZKHUH U�7 � GHQRWHV WKH VSHFWUDO UDGLXV RI

7 � (TXLYDOHQWO\� N7 � N  N7N � IRU HDFK Q � 1�
,W LV ZHOO NQRZQ WKDW WKH IROORZLQJ �VWULFW� LQFOXVLRQV KROG�

QRUPDO ~ TXDVLQRUPDO ~ VXEQRUPDO ~ K\SRQRUPDO

~ S�K\SRQRUPDO ~ FODVV $ ~ SDUDQRUPDO

~ QRUPDORLG�

�����

7KH FODVVHV RI VXEQRUPDO DQG K\SRQRUPDO RSHUDWRUV ZHUH LQWURGXFHG E\ +DOPRV
LQ >��@� ZKLOH WKH VWXG\ RI TXDVLQRUPDO RSHUDWRUV ZDV pUVW FRQGXFWHG E\ %URZQ LQ
>�@� 7KH FODVV RI S�K\SRQRUPDO RSHUDWRUV ZDV GHpQHG DV DQ H[WHQVLRQ RI K\SRQRUPDO
RSHUDWRUV LQ >��@ DQG KDV VLQFH EHHQ LQYHVWLJDWHG E\ PDQ\ DXWKRUV� VHH� IRU LQVWDQFH�
>�� �@�

7KH FRQFHSWV RI SDUDQRUPDO RSHUDWRUV DQG RSHUDWRUV RI FODVV $ ZHUH LQWURGXFHG
E\ ,VWUxDW|HVFX LQ >��@ DQG E\ )XUXWD� ,WR� DQG <DPD]DNL LQ >��@� UHVSHFWLYHO\� 3DUD�
QRUPDO RSHUDWRUV KDYH JDUQHUHG FRQVLGHUDEOH DWWHQWLRQ� SDUWLFXODUO\ LQ YLHZ RI WKH
UHVXOWV LQ >��@� >��@� DQG >��@� )RU DQ LQVLJKWIXO FRPSDULVRQ EHWZHHQ SDUDQRUPDO
RSHUDWRUV DQG FODVV $ RSHUDWRUV� VHH >��@�

)RU PRUH GHWDLOV RQ WKH PHQWLRQHG FODVVHV� ZH UHIHU WKH UHDGHU WR >��� ��@�

6HYHUDO JHQHUDOL]DWLRQV RI WKH FODVV RI SDUDQRUPDO RSHUDWRUV KDYH EHHQ LQWUR�
GXFHG� DV ZHOO� 0RUH SUHFLVHO\� WKH IROORZLQJ FODVVHV KDYH HPHUJHG�

'HpQLWLRQ ���� /HW N � 1 > I�J� $Q RSHUDWRU 7 � %�+� LV FDOOHG
s N�TXDVL�SDUDQRUPDO LI

N7 ¼E½ ¨ [N � x N7 ¼�½ � [NN7 ¼ [N� [ � +� �����

s N�SDUDQRUPDO LI

N7[N ¼E½ ¨ x q

q7 ¼E½ ¨ [qq N[N ¼ � [ � +� �����

s DEVROXWH�N�SDUDQRUPDO LI

N7[N ¼E½ ¨ x q

qM7 M ¼ 7[qq N[N ¼ � [ � +� �����

8VLQJ WKH IDFW WKDW NM7 M7[N  
q

q7 � [qq� IRU DQ\ 7 � %�+� DQG [ � +� ZH QRWH WKDW

SDUDQRUPDO u ��TXDVL�SDUDQRUPDO

u ��SDUDQRUPDO

u DEVROXWH���SDUDQRUPDO�

7KH FODVV RI N�TXDVL�SDUDQRUPDO RSHUDWRUV ZDV LQWURGXFHG LQ >��@� ,Q WKH VSHFLDO FDVH
ZKHQ N  �� WKHVH RSHUDWRUV DUH NQRZQ DV TXDVL�SDUDQRUPDO� D FODVV DOUHDG\ VWXGLHG
LQ >��@� 7KH QRWLRQ RI N�SDUDQRUPDO RSHUDWRUV ZDV pUVW PHQWLRQHG LQ >��@� DQG ODWHU
VWXGLHG LQ PRUH GHWDLO LQ >��� ��@� 7KH FODVV RI DEVROXWH�N�SDUDQRUPDO RSHUDWRUV
ZDV GHpQHG LQ >��@� ZKHUH VRPH IXQGDPHQWDO SURSHUWLHV ZHUH DOVR HVWDEOLVKHG�

,W IROORZV IURP >��� /HPPD �@ DQG >��� 7KHRUHP �@ �FI� >��� 3URSRVLWLRQ �@� WKDW

QRUPDO ~ c c c ~ SDUDQRUPDO ~ N�SDUDQRUPDO ~ QRUPDORLG� �����
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6LPLODUO\� >��� 7KHRUHP �@ DQG >��� 7KHRUHP �@ \LHOG

QRUPDO ~ c c c ~ SDUDQRUPDO ~ DEVROXWH�N�SDUDQRUPDO ~ QRUPDORLG� �����

2Q WKH RWKHU KDQG� WKH FODVV RI N�TXDVL�SDUDQRUPDO RSHUDWRUV GRHV QRW pW LQWR
WKH LQFOXVLRQ FKDLQ ������ ,QGHHG� HYHU\ QLOSRWHQW RSHUDWRU RI RUGHU N � � �L�H��
VDWLVI\LQJ 7 ¼�½ ¨  ��� ZKHUH N � 1� LV N�TXDVL�SDUDQRUPDO� +RZHYHU� VLQFH WKHUH
H[LVW QLOSRWHQW RSHUDWRUV RI DQ\ RUGHU N y � WKDW DUH QRW QRUPDORLGV� LW IROORZV WKDW

N�TXDVL�SDUDQRUPDO �v QRUPDORLG� N � 1�

+RZHYHU� LW LV SURYHG LQ >��� &RUROODU\ ���@ WKDW LI 7 LV N�TXDVL�SDUDQRUPDO IRU VRPH
N � 1 DQG

q

q7 � ½ ¨ qq  N7 � N N7N IRU VRPH Q y N� WKHQ 7 LV QRUPDORLG� 2Q WKH RWKHU
KDQG� WKH LQFOXVLRQ

SDUDQRUPDO ~ N�TXDVL�SDUDQRUPDO� N � 1�

FOHDUO\ DOZD\V KROGV� 7KLV IROORZV GLUHFWO\ E\ DSSO\LQJ WKH GHpQLWLRQ RI SDUDQRU�
PDOLW\ WR WKH YHFWRU 7 ¼ [ LQ SODFH RI [� ,Q IDFW� ZH KDYH WKDW

N�TXDVL�SDUDQRUPDO ~ �N � ���TXDVL�SDUDQRUPDO

IRU HDFK N � 1�

7KH DIRUHPHQWLRQHG FODVVHV� DORQJ ZLWK WKH LQFOXVLRQ FKDLQV ����� DQG ������ ZLOO
SURYLGH WKH EDVLV IRU WKH VXEVHTXHQW GLVFXVVLRQ�

�� 7 KH Q�W K U RRW SU REO HP

$Q LQWULJXLQJ SUREOHP LQ RSHUDWRU WKHRU\ LV WKH LQYHVWLJDWLRQ RI FRQGLWLRQV XQGHU
ZKLFK FHUWDLQ RSHUDWRUV DUH VHOI�DGMRLQW� QRUPDO� RU EHORQJ WR RQH RI WKH RWKHU
RSHUDWRU FODVVHV GLVFXVVHG DERYH� 7KLV WRSLF KDV DWWUDFWHG VLJQLpFDQW DWWHQWLRQ
IURP PDQ\ UHVHDUFKHUV� DV HYLGHQFHG E\ >�� �� ��� ��� ��� ��� ��� ��@� $ FORVHO\
UHODWHG DQG QDWXUDO TXHVWLRQ LV LGHQWLI\LQJ WKH FRQGLWLRQV XQGHU ZKLFK WKH UHYHUVH
LQFOXVLRQV LQ ����� KROG�

2QH OLQH RI LQYHVWLJDWLRQ LQWR WKHVH SUREOHPV LQYROYHV VSHFWUDO SURSHUWLHV RI RS�
HUDWRUV� )RU LQVWDQFH� LQ >��@� LW ZDV VKRZQ WKDW LI D K\SRQRUPDO RSHUDWRU KDV D
VSHFWUXP RI ]HUR DUHD� WKHQ WKH RSHUDWRU PXVW EH QRUPDO� 7KLV UHVXOW KDV VLQFH
EHHQ H[WHQGHG WR RWKHU FODVVHV RI RSHUDWRUV �VHH >�� ��� ��@��

$QRWKHU IUXLWIXO DSSURDFK LQYROYHV H[DPLQLQJ SRZHUV �RU SRO\QRPLDOV� RI RSHU�
DWRUV WKDW EHORQJ WR D JLYHQ FODVV� 0RUH SUHFLVHO\� LI 7 � .� ZKHUH . LV RQH RI WKH
FODVVHV DSSHDULQJ LQ ������ DQG LI 7 � � & IRU VRPH Q � 1� ZKHUH & LV D VXEFODVV RI
.� RQH PD\ DVN ZKHWKHU LW IROORZV WKDW 7 � &� :H UHIHU WR WKLV DV WKH Q�WK URRW
SUREOHP �IRU WKH FODVV &��

$ SLRQHHULQJ UHVXOW LQ WKLV GLUHFWLRQ LV GXH WR 6WDPSqL >��@� ZKR SURYHG WKH
IROORZLQJ�

7KHRUHP ���� >��� 7KHRUHP �@ /HW 7 � %�+� EH D K\SRQRUPDO RSHUDWRU� ,I WKHUH
H[LVWV Q � 1 VXFK WKDW 7 � LV QRUPDO� WKHQ 7 LV QRUPDO�

7KH RULJLQDO SURRI E\ 6WDPSqL UHOLHG RQ D WHFKQLTXH EDVHG RQ WKH 6SHFWUDO 7KH�
RUHP� $ PRUH HOHPHQWDU\ DUJXPHQW� DORQJ ZLWK DQ H[WHQVLRQ� ZDV SURYLGHG LQ
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>�@� 6SHFLpFDOO\� WKH DXWKRUV LQ >�@ VKRZHG WKDW IRU DQ\ S�K\SRQRUPDO RSHUDWRU
7 � %�+� DQG DQ\ Q � 1� WKH IROORZLQJ LQHTXDOLW\ KROGV�

��7 � � � 7 � � � » � y �7 � 7 � � y �77 � � � y �7 � �7 � � � � � » � �
7KHUHIRUH� LI LQ DGGLWLRQ 7 � LV QRUPDO IRU VRPH Q � 1� WKHQ DOO WKH LQHTXDOLWLHV
EHFRPH HTXDOLWLHV�

��7 � � � 7 � � � » �  �7 � 7 � �  �77 � � �  �7 � �7 � � � � � » � �
ZKLFK LPSOLHV WKDW 7 PXVW EH QRUPDO�

,Q SDUWLFXODU� 7KHRUHP ��� DOVR DSSOLHV ZKHQ K\SRQRUPDOLW\ LV UHSODFHG E\ TXDVL�
QRUPDOLW\ RU VXEQRUPDOLW\� +HUH� ZH SUHVHQW GLUHFW SURRIV IRU WKH TXDVLQRUPDO FDVH�
DV LW PD\ EH XVHIXO LQ RWKHU VHWWLQJV �VHH >��� 7KHRUHP ����@ IRU WKH XQERXQGHG FDVH��
:H EHJLQ E\ UHFDOOLQJ D IXQGDPHQWDO FKDUDFWHUL]DWLRQ RI TXDVLQRUPDO RSHUDWRUV�

7KHRUHP ���� >��@ /HW 7 EH D ERXQGHG RSHUDWRU RQ +� 7KHQ WKH IROORZLQJ FRQGL�
WLRQV DUH HTXLYDOHQW�

�L� 7 LV TXDVLQRUPDO�
�LL� �7 � � ¼ 7 ¼  �7 � 7 � ¼ � IRU HDFK N � 1�
�LLL� WKHUH H[LVWV D �XQLTXH� VSHFWUDO %RUHO PHDVXUH ( RQ 5 ½  >���� VXFK WKDW

�7 � � ¼ 7 ¼  
=

Å�Æ [ ¼ (�G[�� N � 1�

$ GLUHFW SURRI IRU WKH TXDVLQRUPDO FDVH JRHV DV IROORZV�

7KHRUHP ���� /HW 7 � %�+� EH D TXDVLQRUPDO RSHUDWRU� ,I 7 � LV QRUPDO IRU
VRPH Q � 1� WKHQ 7 LV QRUPDO�

3URRI� $VVXPH WKDW 7 � LV QRUPDO IRU VRPH Q � 1� 6LQFH 7 � FRPPXWHV ZLWK 7 �
E\ )XJOHGH�3XWQDP WKHRUHP ZH KDYH WKDW 7 � DOVR FRPPXWHV ZLWK 7 � � DQG WKXV� LW
FRPPXWHV ZLWK 7 � ��Ç ¨ � 1RZ� XVLQJ 7KHRUHP ���� ZH KDYH WKDW

7 � 7 �7 � 7 � ��Ç ¨  �7 � 7 � �  7 � � 7 �  7 � 7 � 7 � ��Ç ¨  7 � 7 �7 ��Ç ¨ 7 � ��Ç ¨ ��
)URP KHUH�

7 � 7
t

�7 � 7 � ��Ç ¨ b 7 ��Ç ¨ 7 � ��Ç ¨
u

 �� �����

%\ DSSO\LQJ 7KHRUHP ��� RQFH DJDLQ� DQG WDNLQJ WKH DGMRLQW RQ ERWK VLGHV RI ������
ZH KDYH WKDW

t

7 � ��Ç ¨ 7 ��Ç ¨ b 7 ��Ç ¨ 7 � ��Ç ¨
u

7 � 7  ��
,W IROORZV WKDW 7 � ��Ç ¨ 7 ��Ç ¨  7 ��Ç ¨ 7 � ��Ç ¨ RQ 5�7 � �� $OVR� VLQFH 1 �7 � v 1 �7 � �
�EHFDXVH 7 LV TXDVLQRUPDO� DQG WKXV K\SRQRUPDO�� LW LV FOHDU WKDW 7 � ��Ç ¨ 7 ��Ç ¨  
7 ��Ç ¨ 7 � ��Ç ¨ RQ 1 �7 �� 7KXV� 7 � ��Ç ¨ 7 ��Ç ¨  7 ��Ç ¨ 7 � ��Ç ¨ RQ +� GHPRQVWUDWLQJ WKDW
7 ��Ç ¨ LV QRUPDO� %\ FRQWLQXLQJ WKLV SURFHVV� ZH PD\ FRQFOXGH WKDW 7 LV QRUPDO�
$QRWKHU� HYHQ VLPSOHU SURRI� FDQ EH GHULYHG IURP WKH IROORZLQJ REVHUYDWLRQ�

/HPPD ���� /HW 7 � %�+� EH D TXDVLQRUPDO RSHUDWRU� ,I 1 �7 � � v 1 �7 �� WKHQ
7 LV QRUPDO�
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3URRI� %\ PXOWLSO\LQJ WKH HTXDOLW\ 77 � 7  7 � 77 IURP WKH ULJKW E\ 7 � � ZH KDYH
WKDW

77 � 77 �  7 � 777 � �
DQG WKXV 77 �  7 � 7 RQ 5�7 �� )XUWKHUPRUH� 1 �7 � � v 1 �7 � FOHDUO\ LPSOLHV WKDW
77 �  7 � 7 RQ 1 �7 � �� SURYLQJ WKDW 7 LV QRUPDO�
$ VHFRQG SURRI RI 7KHRUHP ���� 'XH WR 7KHRUHP ��� DQG WKH QRUPDOLW\ RI 7 � � ZH
KDYH WKDW

�7 � 7 � �  7 � � 7 �  7 � 7 � � �
)URP KHUH�

1 �7 � � v 1 �7 � � �  1 �7 � 7 � � �  1 ��7 � 7 � � �  1 �7 � 7 �  1 �7 ��

7KH FRQFOXVLRQ QRZ IROORZV IURP /HPPD ����

$OWKRXJK LW SUHGDWHV WKH ZRUN RI $OXWKJH DQG :DQJ >�@� WKH IROORZLQJ UHVXOW E\
$QGR >�@ H[WHQGV 7KHRUHP ��� WR D EURDGHU FODVV RI RSHUDWRUVQDPHO\� WKH FODVV RI
SDUDQRUPDO RSHUDWRUV�

7KHRUHP ���� >�� 7KHRUHP �@ /HW 7 � %�+� EH D SDUDQRUPDO RSHUDWRU� ,I WKHUH
H[LVWV Q � 1 VXFK WKDW 7 � LV QRUPDO� WKHQ 7 LV QRUPDO�

7KH IROORZLQJ H[DPSOH GHPRQVWUDWHV WKDW WKLV UHVXOW GRHV QRW H[WHQG IXUWKHU
DORQJ WKH LQFOXVLRQ FKDLQ ������

([DPSOH ���� /HW 0�1 � %�+� Q I�J EH VXFK WKDW 0 LV QRUPDO� 1 �  �� DQG
N1N x N0N� 'HpQH 7 � %�+j+� DV

7  

x

0 �
� 1

y

�

7KHQ� IRU HDFK Q y ��

N7 � N  
q

q

q

q

x

0 � �
� �

y
q

q

q

q

 N0 � N  N0N �  N7N � �
VKRZLQJ WKDW 7 LV QRUPDORLG� &OHDUO\� 7 � LV QRUPDO� ZKLOH 7 LV QRW�
:KLOH WKH Q�WK URRW SUREOHP IRU QRUPDO RSHUDWRUV KDV EHHQ H[SORUHG H[WHQVLYHO\�

D SDUDOOHO LQYHVWLJDWLRQ IRU TXDVLQRUPDO RSHUDWRUV KDV RQO\ UHFHQWO\ EHJXQ� ,Q SDU�
WLFXODU� WKH VWXG\ RI WKH Q�WK URRW SUREOHP IRU WKH FODVV RI TXDVLQRUPDO RSHUDWRUV
ZDV LQLWLDWHG LQ >��@� ZKHUH WKH DXWKRUV FRQVLGHUHG VXEQRUPDO VTXDUH URRWV RI TXDVL�
QRUPDO RSHUDWRUV�

$V D VLPSOH REVHUYDWLRQ� LI 7 LV VXEQRUPDO �RU HYHQ SDUDQRUPDO� DQG ULJKW LQ�
YHUWLEOH� DQG 7 � LV TXDVLQRUPDO� IRU VRPH Q � 1� WKHQ 7 PXVW EH QRUPDO� ,QGHHG�
TXDVLQRUPDOLW\ RI 7 � LPSOLHV

�7 � � 7 � b 7 � 7 � � �7 �  ��
DQG VLQFH 7 LV ULJKW LQYHUWLEOH� LW IROORZV WKDW 7 � LV QRUPDO� &RQVHTXHQWO\� 7 LV
QRUPDO �E\ 7KHRUHP �����

/RRNLQJ IURP WKH RWKHU VLGH� WKH DXWKRUV LQ >��@ HVWDEOLVKHG WKH IROORZLQJ UHVXOW�

7KHRUHP ���� >��� 7KHRUHP ���@ /HW 7 � %�+� EH D OHIW�LQYHUWLEOH VXEQRUPDO
RSHUDWRU� ,I 7 � LV TXDVLQRUPDO� WKHQ 7 LV TXDVLQRUPDO�



É ©�ªa«B¬%­�®;¯�°l±�²
³´ ­�®;µ ´ ª�¯r¶;·l¸a¶�«�¹:º

6RRQ DIWHU� 3LHWU]\FNL DQG 6WRFKHO >��@ UHPRYHG WKH OHIW�LQYHUWLELOLW\ DVVXPSWLRQ
DQG JHQHUDOL]HG WKH UHVXOW WR DUELWUDU\ SRZHUV�

7KHRUHP ���� >��� 7KHRUHP ���@ /HW 7 � %�+� EH D VXEQRUPDO RSHUDWRU VXFK WKDW
7 � LV TXDVLQRUPDO IRU VRPH Q � 1� 7KHQ 7 LV TXDVLQRUPDO�

)RU DQ HOHPHQWDU\ SURRI RI 7KHRUHP ���� VHH >��@� $GGLWLRQDO UHODWHG UHVXOWV FDQ
EH IRXQG LQ >��@�

,Q D VXEVHTXHQW SDSHU� 3LHWU]\FNL DQG 6WRFKHO H[WHQGHG 7KHRUHP ��� IXUWKHU
DORQJ WKH LQFOXVLRQ FKDLQ ������ SURYLQJ WKH IROORZLQJ UHVXOW�

7KHRUHP ���� >��� 7KHRUHP ���@ /HW 7 � %�+� EH D FODVV $ RSHUDWRU VXFK WKDW
7 � LV TXDVLQRUPDO IRU VRPH Q � 1� 7KHQ 7 LV TXDVLQRUPDO�

7KH Q�WK URRW SUREOHP IRU WKH FODVV RI VXEQRUPDO RSHUDWRUV QRWDEO\ GLoHUV IURP
WKH SUHYLRXV FDVHV� 6SHFLpFDOO\� DV VKRZQ LQ >��@� D K\SRQRUPDO RSHUDWRU 7 PD\
KDYH D SRZHU 7 � WKDW LV VXEQRUPDO IRU VRPH Q � 1� ZKLOH 7 LWVHOI LV QRW VXEQRUPDO�
7KLV H[DPSOH LQGLFDWHV WKDW WKH Q�WK URRW SUREOHP IRU VXEQRUPDO RSHUDWRUV KDV D
QHJDWLYH DQVZHU ZLWK UHVSHFW WR DQ\ FODVV IXUWKHU GRZQ WKH LQFOXVLRQ FKDLQ ������

7KH SUHYLRXV GLVFXVVLRQ QDWXUDOO\ JLYHV ULVH WR WKH IROORZLQJ WZR TXHVWLRQV RI
LQWHUHVW�

4XHVWLRQ ���� /HW 7 � %�+� EH D N�SDUDQRUPDO �DEVROXWH�N�SDUDQRUPDO� RSHU�
DWRU IRU VRPH N � 1� ,I 7 � LV QRUPDO IRU VRPH Q � 1� GRHV LW IROORZ WKDW 7 LV
QRUPDO"

4XHVWLRQ ���� /HW 7 � %�+� EH D SDUDQRUPDO RSHUDWRU� ,I 7 � LV TXDVLQRUPDO IRU
VRPH Q � 1� GRHV LW IROORZ WKDW 7 LV TXDVLQRUPDO"

2I FRXUVH� VLPLODU TXHVWLRQV FDQ EH IRUPXODWHG IRU RWKHU RSHUDWRU FODVVHV ZLWKLQ
WKH H[WHQGHG FKDLQV ����� DQG ������

�� ([W HQVLRQV RI $QGR
V 7 KHRU HP

,Q WKLV VHFWLRQ� ZH SURYLGH D SRVLWLYH DQVZHU WR WKH 4XHVWLRQ ���� 6SHFLpFDOO\�
ZH HVWDEOLVK WKH IROORZLQJ UHVXOWV�

7KHRUHP ���� /HW 7 � %�+� EH D N�SDUDQRUPDO RU DEVROXWH�N�SDUDQRUPDO RSHU�
DWRU IRU VRPH N � 1� ,I WKHUH H[LVWV Q � 1 VXFK WKDW 7 � LV QRUPDO� WKHQ 7 LV
QRUPDO�

7KHRUHP ���� /HW + EH D VHSDUDEOH +LOEHUW VSDFH DQG OHW 7 � %�+� EH D N�TXDVL�
SDUDQRUPDO RSHUDWRU IRU VRPH N � 1� ,I WKHUH H[LVWV Q � 1 VXFK WKDW 7 � LV QRU�
PDO� WKHQ 7  7 Ê j 7 Ê Ê � ZKHUH 7 Ê LV QRUPDO DQG 7 Ê Ê LV QLOSRWHQW RI LQGH[ DW PRVW
PLQIQ� N � �J� �(LWKHU VXPPDQG PD\ EH DEVHQW��

'XH WR WKH DGGLWLRQDO WHFKQLFDO FKDOOHQJHV LQYROYHG LQ WKH SURRI RI 7KHRUHP ����
ZH ZLOO SUHVHQW LW LQ IXOO GHWDLO� 7KH SURRI RI 7KHRUHP ���� RQ WKH RWKHU KDQG�
IROORZV VLPLODU LGHDV� ZH ZLOO WKHUHIRUH KLJKOLJKW RQO\ WKH NH\ GLoHUHQFHV�

%HIRUH SURFHHGLQJ ZLWK WKH SURRI RI 7KHRUHP ���� ZH UHIHU WKH UHDGHU WR >��� ��@
IRU GHWDLOV RQ WKH GLUHFW LQWHJUDO GHFRPSRVLWLRQ RI YRQ 1HXPDQQ DOJHEUDV� ZKLFK ZLOO
SOD\ D FUXFLDO UROH LQ RXU DUJXPHQW� :H DOVR UHFDOO WKH IROORZLQJ FKDUDFWHUL]DWLRQ RI
N�TXDVL�SDUDQRUPDO RSHUDWRUV�
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7KHRUHP ���� >��� 7KHRUHP ���@ /HW 7 � %�+� DQG N � 1� 7KHQ 7 LV N�TXDVL�
SDUDQRUPDO LI DQG RQO\ LI

7 � ¼E½ � 7 ¼�½ � b �t7 � ¼E½ ¨ 7 ¼E½ ¨ � t � 7 � ¼ 7 ¼ y � �����

IRU DOO t ! ��

3URRI RI 7KHRUHP ���� :LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ DVVXPH WKDW 7 � LV QRUPDO
IRU VRPH Q y N� /HW $ GHQRWH WKH DEHOLDQ YRQ 1HXPDQQ DOJHEUD JHQHUDWHG E\ 7 � �
%\ WKH 6SHFWUDO 7KHRUHP� WKH +LOEHUW VSDFH + FDQ EH LGHQWLpHG ZLWK D GLUHFW
LQWHJUDO

+  

= Ì
Í�Î Ï�ÐnÑ + Ò Gz�y��

ZKHUH HDFK RSHUDWRU LQ $ DFWV DV D PXOWLSOLFDWLRQ RSHUDWRU RQ WKLV GHFRPSRVLWLRQ�
6SHFLDOO\�

7 �  
= Ì
Í�Î Ï�ÐnÑ y Gz�y��

)XUWKHUPRUH� WKH FRPPXWDQW $ Ê RI $ LV GHFRPSRVDEOH UHODWLYH WR WKLV UHSUHVHQWD�
WLRQ� 6LQFH 7 � $ Ê � LW IROORZV WKDW 7 FDQ EH H[SUHVVHG DV

7  

= Ì
Í�Î Ï�ÐnÑ 7 Ò Gz�y��

ZKHUH 7 Ò LV DQ RSHUDWRU RQ + Ò IRU DOO y � ��7 � �� 7KHUHIRUH� ZH KDYH WKDW
7 �Ò  y, Ò � �����

IRU z�DOPRVW DOO y � ��7 � �� ZKHUH , Ò GHQRWHV WKH LGHQWLW\ RSHUDWRU RQ +LOEHUW VSDFH
+ Ò � y � ��7 � ��
1RZ OHW t ! � EH DUELWUDU\� 6LQFH 7 LV N�TXDVL�SDUDQRUPDO� LW VDWLVpHV ������ DQG

WKXV�
= Ì
Í�Î Ï�Ð%Ñ

d

7 � ¼E½ �Ò 7 ¼E½ �Ò b �t7 � ¼E½ ¨Ò 7 ¼E½ ¨Ò � t � 7 � ¼Ò 7 ¼Ò e Gz�y� y ��

%\ >��� 3URSRVLWLRQ �����@� ZH KDYH WKDW

7 � ¼E½ �Ò 7 ¼E½ �Ò b �t7 � ¼E½ ¨Ò 7 ¼E½ ¨Ò � t � 7 � ¼Ò 7 ¼Ò y �� t ! �� �����

IRU z�DOPRVW DOO y � ��7 � �� ,Q RWKHU ZRUGV� 7 Ò LV N�TXDVL�SDUDQRUPDO IRU z�DOPRVW
DOO y � ��7 � �� E\ 7KHRUHP ����
/HW ( EH D PHDVXUH ]HUR VHW VXFK WKDW ����� DQG ����� KROGV RQ ��7 � � Q (� DQG

OHW y � ��7 � � Q ( EH DUELWUDU\� ,I y  �� WKHQ� XVLQJ >��� 7KHRUHP ���@� ZH KDYH

WKDW 7 ¼�½ ¨Ó  �� +HQFH� DVVXPH WKDW y � �� 6LQFH Q y N� ZH KDYH WKDW ����� KROGV
IRU N  Q� ZKLFK WRJHWKHU ZLWK ����� LPSOLHV WKDW

MyM � 7 �:�Ò 7 �Ò b �tMyM � 7 �Ò 7 Ò � t � MyM � , Ò y �� t ! ��

%\ GLYLGLQJ ZLWK MyM � � �� LW IROORZV WKDW
7 �6�Ò 7 �Ò b �t7 �Ò 7 Ò � t � , Ò y �� t ! ��



Ô ©�ªa«B¬%­�®;¯�°l±�²
³´ ­�®;µ ´ ª�¯r¶;·l¸a¶�«�¹:º

L�H�� 7 Ò LV SDUDQRUPDO� /HW [ Ò � + Ò EH DQ DUELWUDU\ XQLW YHFWRU� %\ >��� 7KHRUHP
'@� ZH KDYH WKDW

N7 Ò [ Ò N x
q

q7 �Ò [ Ò qq ÕÖ x � � � x N7 �Ò [ Ò N ÕÐ x
q

q7 � ½ ¨Ò [ Ò qq ÕÐ Æ Õ x ���

,Q SDUWLFXODU� N7 Ò [ Ò N x N7 �Ò [ Ò N ÕÐ � IURP ZKHUH LW IROORZV WKDW
N7 Ò [ Ò N x MyM ÕÐ � �����

ZKLOH N7 �Ò [ Ò N ÕÐ x
q

q7 � ½ ¨Ò [ Ò qq ÕÐ Æ Õ \LHOG
MyM ÕÐ x MyM ÕÐ Æ Õ N7 Ò [ Ò N ÕÐ Æ Õ �

L�H�

MyM ÕÐ x N7 Ò [ Ò N � �����

&RPELQLQJ ����� DQG ������ ZH REWDLQ WKDW

7 �Ò 7 Ò  MyM
ÖÐ , Ò �

DQG FRQVHTXHQWO\� 7 Ò LV TXDVLQRUPDO� 6LQFH 7 Ò LV LQYHUWLEOH� ZH pQDOO\ FRQFOXGH WKDW
LW PXVW EH QRUPDO�

7KXV� NHHSLQJ LQ PLQG >��� 3URSRVLWLRQ �����@� ZH KDYH WKDW WKH GHVLUHG GHFRP�
SRVLWLRQ LV 7  7 Ê j 7 Ê Ê � ZKHUH

7 Ê  
= Ì
Í�Î Ï�ÐnÑy×BØ ÓBÙ 7 Ò Gz�y� DQG 7 Ê Ê  7 Ó �

7KLV FRPSOHWHV WKH SURRI�

7KH QLOSRWHQW SDUW 7 Ê Ê LQ 7KHRUHP ��� FDQ EH IXUWKHU HODERUDWHG LQ FDVH RI Q  ��
7KH FUXFLDO UHVXOW LV WKH IROORZLQJ UHSUHVHQWDWLRQ WKHRUHP RI WKH VTXDUH URRWV RI
QRUPDO RSHUDWRUV SURYHG E\ 5DGMDYL DQG 5RVHQWKDO LQ >��@� :H SUHVHQW LW KHUH LQ D
VOLJKWO\ GLoHUHQW IRUP�

7KHRUHP ���� >��@ /HW 7 � %�+�� 7KH RSHUDWRU 7 LV D VTXDUH URRW RI D QRUPDO
RSHUDWRU LI DQG RQO\ LI

7  $j

x

% &

� b%

y

�

ZKHUH $�% DUH QRUPDO� & y �� & LV RQH�WR�RQH DQG %&  &%�

)RU RWKHU UHODWHG UHVXOWV UHJDUGLQJ WKH VWUXFWXUH RI WKH Q�WK URRWV RI QRUPDO
RSHUDWRUV� ZH UHIHU WKH UHDGHU WR >��� ��� ��� ��� ��@�

7KHRUHP ���� /HW + EH D VHSDUDEOH +LOEHUW VSDFH DQG OHW 7 � %�+� EH D N�TXDVL�
SDUDQRUPDO RSHUDWRU IRU VRPH N � 1 VXFK WKDW 7 � LV QRUPDO� &RQVLGHU WKH GHFRP�
SRVLWLRQ LQ 7KHRUHP ���� ,I WKH QLOSRWHQW SDUW 7 Ê Ê LV SXUH� WKHQ LW LV JLYHQ E\

7 Ê Ê  
x

� &

� �

y

� �����

ZLWK & EHLQJ DQ LQMHFWLYH SRVLWLYH RSHUDWRU�
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3URRI� $FFRUGLQJ WR 7KHRUHP ���� ZH KDYH WKDW

7 Ê Ê  
x

% &

� b%

y

�

ZKHUH & LV D SRVLWLYH RSHUDWRU FRPPXWLQJ ZLWK %� DQG % LV QRUPDO� %\ 7KHRUHP
���� 7 Ê Ê LV QLOSRWHQW RI LQGH[ DW PRVW �� ,Q RWKHU ZRUGV�

7 Ê Ê �  
x

% � �
� % �

y

 ��

IURP ZKHUH LW IROORZV WKDW % �  �� 6LQFH WKH RQO\ QLOSRWHQW QRUPDO RSHUDWRU LV WKH
]HUR RSHUDWRU� ZH FRQFOXGH WKDW %  �� VKRZLQJ WKDW 7 Ê Ê LV JLYHQ E\ ������
,Q RUGHU WR SURYH 7KHRUHP ���� ZH pUVW QHHG WKH IROORZLQJ WZR UHVXOWV�

/HPPD ���� /HW 7 � %�+� DQG N � 1�
�L� 7 LV D N�SDUDQRUPDO LI DQG RQO\ LI

7 � ¼�½ ¨ 7 ¼E½ ¨ b �N � ��y ¼ 7 � 7 � Ny ¼�½ ¨ , y �� �����

IRU HDFK y ! ��

�LL� 7 LV D DEVROXWH�N�SDUDQRUPDO LI DQG RQO\ LI

7 � �7 � 7 � ¼ 7 b �N � ��y ¼ 7 � 7 � Ny ¼�½ ¨ , y �� �����

IRU HDFK y ! ��

3URRI� 7KH SURRI RI WKH VHFRQG SDUW FDQ EH IRXQG LQ >��@� 7KXV� ZH RQO\ SURYH �L��

/HW [ � + DQG y ! � EH DUELWUDU\� )URP ������ ZH KDYH WKDW

K7 � 7[� [L x n

7 � ¼E½ ¨ 7 ¼E½ ¨ [� [o ÕÛ Æ Õ K[� [L
ÛÛ Æ Õ

 

�

v

�

y

w ¼ n
7 � ¼�½ ¨ 7 ¼�½ ¨ [� [o

� ÕÛ Æ Õ
>y K[� [L@

ÛÛ Æ Õ �

8VLQJ <RXQJ
V LQHTXDOLW\ IRU UHDO QXPEHUV� WKLV IXUWKHU LPSOLHV

K7 � 7[� [L x �

N � �

�

y ¼
n

7 � ¼E½ ¨ 7 ¼E½ ¨ [� [o� N

N � �
y K[� [L � �����

DQG WKXV�

7 � ¼E½ ¨ 7 ¼E½ ¨ b �N � ��y ¼ 7 � 7 � Ny ¼E½ ¨ , y ��

%\ WDNLQJ y  

�

n

7 � ¼E½ ¨ 7 ¼E½ ¨ [� [o
K[� [L

� ÕÛ Æ Õ
LQ ����� �LI

n

7 � ¼E½ ¨ 7 ¼E½ ¨ [� [o  �� ZH OHW
y � ��� ZH VHH WKDW ����� KROGV�

/HPPD ���� /HW 7 � %�+� EH D N�SDUDQRUPDO RU DEVROXWH�N�SDUDQRUPDO RSHUDWRU
IRU VRPH N � 1� ,I WKHUH H[LVWV Q � 1 DQG y � & VXFK WKDW 7 �  y,� WKHQ 7 LV
QRUPDO�

3URRI� 6LQFH 7 LV QRUPDORLG LQ ERWK FDVHV� LW IROORZV WKDW

N7N �  N7 � N  MyM�

ZKLFK LPSOLHV N7N  MyM ÕÐ � ,I y  �� WKH UHVXOW LV LPPHGLDWH� 7KXV� DVVXPH y � �
DQG OHW [ � + EH DQ DUELWUDU\ XQLW YHFWRU�
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)LUVW FRQVLGHU WKH FDVH ZKHQ 7 LV N�SDUDQRUPDO� %\ WDNLQJ 7 ��Ç ¨ [ LQVWHDG RI [
LQ ������ ZH JHW

MyM ¼E½ ¨  N7 � [N ¼�½ ¨ x q

q7 � ½r¼ [qq qq7 ��Ç ¨ [qq ¼
x MyM

q

q7 ¼ [qq MyM
Û:Ü Ð�Ý Õ

ÞÐ
x MyM ¼E½ ¨ Ç

ÛÐ N7N ¼ Ç ¨ N7[N
 MyM ¼E½ ¨ Ç ÕÐ N7[N
x MyM ¼E½ ¨ �

DQG WKXV� N7[N  MyM ÕÐ � 7KHUHIRUH� 7 � 7  MyM
ÖÐ ,�

1RZ DVVXPH WKDW 7 LV DEVROXWH�N�SDUDQRUPDO� ,Q D VLPLODU IDVKLRQ� XVLQJ ������
ZH KDYH

MyM ¼�½ ¨  N7 � [N ¼E½ ¨ x q

qM7 M ¼ 7 � [qq qq7 ��Ç ¨ [qq ¼
x MyM

q

qM7 M ¼ [qq MyM
Û:Ü Ð!Ý Õ

ÞÐ
x MyM ¼�½ ¨ Ç

ÛÐ N7N ¼ Ç ¨ NM7 M[N
 MyM ¼�½ ¨ Ç ÕÐ N7[N
x MyM ¼�½ ¨ �

DQG DJDLQ� 7 � 7  MyM
ÖÐ ,�

,Q ERWK FDVHV� E\ PXOWLSO\LQJ WKLV HTXDOLW\ IURP WKH ULJKW E\ 7 ��Ç ¨ � ZH REWDLQ
7 �  MyM

ÖÐ y Ç ¨ 7 ��Ç ¨ �
7KLV FOHDUO\ LPSOLHV WKH QRUPDOLW\ RI 7 �

3URRI RI 7KHRUHP ���� :H RQO\ SUHVHQW D SURRI LQ WKH FDVH ZKHQ 7 LV N�SDUDQRUPDO�
DV WKH VHFRQG FDVH FDQ EH SURYHG DQDORJRXVO\�

)LUVW DVVXPH WKDW WKH +LOEHUW VSDFH + LV VHSDUDEOH DQG OHW XV XVH WKH VDPH
QRWDWLRQ DV LQ WKH SURRI RI 7KHRUHP ���� /HW t ! � EH DUELWUDU\� 6LQFH 7 LV
N�SDUDQRUPDO� LW VDWLVpHV ������ DQG WKXV�

= Ì
Í�Î Ï Ð Ñ

d

7 � ¼�½ ¨Ò 7 ¼�½ ¨Ò b �N � ��t ¼ 7 �Ò 7 Ò � Nt ¼�½ ¨ , Ò e Gz�y� y ��
%\ >��� 3URSRVLWLRQ �����@� ZH KDYH WKDW

7 � ¼�½ ¨Ò 7 ¼�½ ¨Ò b �N � ��t ¼ 7 �Ò 7 Ò � Nt ¼�½ ¨ , Ò y �� t ! ��

IRU z�DOPRVW DOO y � ��7 � �� ,Q RWKHU ZRUGV� 7 Ò LV N�SDUDQRUPDO IRU z�DOPRVW DOO
y � ��7 � �� E\ /HPPD ���� /HPPD ��� QRZ LPSOLHV WKDW 7 Ò LV QRUPDO IRU z�DOPRVW
DOO y � ��7 � �� 7KLV VKRZV WKDW 7 LV DOVR QRUPDO�
:H QRZ WXUQ WR WKH JHQHUDO FDVH ZKHUH + LV QRW QHFHVVDULO\ VHSDUDEOH� 2XU

DSSURDFK LV LQVSLUHG E\ WHFKQLTXHV IURP >��� /HPPD ���@� /HW \ � + EH DUELWUDU\�
'HpQH + ß v + DV

+ ß � B

Q

7 �Bà Û 7 á Û c c c7 �Bà Õ 7 á Õ \ � �L ¨ � � � � � L ¼ �� �M ¨ � � � � � M ¼ � � 1 ¼Ó � N � 1
R

�
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ZKHUH
:

6 GHQRWHV WKH FORVXUH RI WKH OLQHDU VSDQ RI YHFWRUV LQ D VHW 6 v +� 7KHQ� LW
LV HDV\ WR VHH WKDW + ß LV D VHSDUDEOH +LOEHUW VSDFH DQG LW UHGXFHV 7 � /HW 7 ß � 7 M âFã �
1RWH WKDW 7 ß VDWLVpHV ����� IRU DOO [ � + ß � 7KXV� 7 ß LV N�TXDVL�SDUDQRUPDO DQG 7 �ß
LV QRUPDO� &RQVHTXHQWO\� 7 ß LV QRUPDO� DQG

77 � \  7 ß 7 �ß \  7 �ß 7 ß \  7 � 7\�
6LQFH \ � + ZDV DUELWUDU\� ZH FRQFOXGH WKDW 77 �  7 � 7 � L�H�� 7 LV QRUPDO�
5HPDUN ���� ,W LV FOHDU WKDW 7KHRUHP ��� DSSHDUV DV D VSHFLDO FDVH RI 7KHRUHP
��� ZKHQ N  �� $OVR� WKH H[DPLQDWLRQ RI WKH SUHYLRXV SURRI QDWXUDOO\ OHDGV WR WKH
TXHVWLRQ RI ZKHWKHU WKH VHSDUDELOLW\ DVVXPSWLRQ LQ 7KHRUHP ��� FDQ EH GURSSHG�

:H FRQFOXGH WKH SDSHU ZLWK WKH IROORZLQJ UHVXOW FRQFHUQLQJ QRUPDO SRZHUV RI
RSHUDWRUV�

&RUROODU\ ���� /HW 7 � %�+� EH DQ LQYHUWLEOH RSHUDWRU DQG OHW N � 1� ,I 7 ä
LV N�SDUDQRUPDO RU DEVROXWH�N�SDUDQRUPDO� DQG 7 � LV QRUPDO� ZKHUH P�Q y � DUH
FRSULPH LQWHJHUV� WKHQ 7 LV QRUPDO�

3URRI� 6LQFH 7 � LV QRUPDO� ZH KDYH WKDW �7 ä � �  �7 � � ä LV DOVR QRUPDO� %\
7KHRUHP ���� ZH FRQFOXGH WKDW 7 ä LV QRUPDO� 7KH UHVXOW QRZ IROORZV IURP >���
7KHRUHP ����@�

5HI HU HQF HV
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