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$EVW U DF W � 7 K H FRQ FHS W RI TXDVLU HGXFLEOH RS HU DWRU V LV LQ WU RG X FHG LQ WK LV S D�
S HU � % DVLF S U RS HU WLHV DQ G LOOX VWU DWLY H H[ DP S OHV DU H FRQ VLG HU HG LQ VRP H G HWDLO
LQ RU G HU WR VLWX DWH WK H FODVV RI T X DVLU HG X FLE OH RS HU DWRU V LQ LWV G X H S ODFH� ,Q
S DU WLFX ODU � LW LV VK RZ Q WK DW HYHU \ TXDVLQ RU PDO RSHU DW RU LV TXDVLU HGXFLEOH� 7 K H
IROORZ LQ J U HVX OWV OLQ N WK LV FODVV Z LWK WK H LQ Y DU LDQ W VX E VS DFH S U RE OHP � 7 K HR�
U HP � ( VVHQ W LDOO\ Q RU PDO TXDVLU HGXFLEOH RSHU DW RU V KDYH D Q RQ W U LYLDO LQ YDU LDQ W

VXEVSDFH� & RU ROODU \ � 4XDVLU HGXFLEOH K\ SRQ RU PDO RSHU DW RU V KDYH D Q RQ W U LYLDO

LQ YDU LDQ W VXEVSDFH� 7 K H S DS HU HQ G V Z LWK VRP H RS HQ T X HVWLRQ V RQ WK H FK DU DF�
WHU L]DWLRQ RI WK H FODVV RI DOO T X DVLU HG X FLE OH RS HU DWRU V�

�� ,QW U RGXF W LRQ

/HW + EH D FRPSOH[ +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU WKDQ RQH� %\ DQ RSHUDWRU
RQ + ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� $ VXEVSDFH 0 RI
+ LV D FORVHG OLQHDU PDQLIROG RI +� 0 LV QRQWULYLDO LI I�J � 0 � +� ,I 7 LV DQ
RSHUDWRU RQ + DQG 7 �0� v 0� WKHQ 0 LV LQYDULDQW IRU 7 �RU 0 LV 7 �LQYDULDQW��
DQG K\SHULQYDULDQW IRU 7 LI LW LV LQYDULDQW IRU HYHU\ RSHUDWRU WKDW FRPPXWHV ZLWK
7 � ,I 0 LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 � WKHQ LWV RUWKRJRQDO FRPSOHPHQW
0" +k0 LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU WKH DGMRLQW 7 e RI 7 � ,I 0 LV
LQYDULDQW IRU ERWK 7 DQG 7 e �HTXLYDOHQWO\� LI ERWK0 DQG0"DUH 7 �LQYDULDQW�� WKHQ
0 UHGXFHV 7 �RU0 LV D UHGXFLQJ VXEVSDFH IRU 7 �� $Q RSHUDWRU LV UHGXFLEOH LI LW KDV
D QRQWULYLDO UHGXFLQJ VXEVSDFH RU� HTXLYDOHQWO\� LI LW LV WKH �RUWKRJRQDO� GLUHFW VXP
RI WZR RSHUDWRUV RQ QRQ]HUR VXEVSDFHV� 5HFDOO WKDW D VFDODU RSHUDWRU LV D �FRPSOH[�
PXOWLSOH RI WKH LGHQWLW\� DQG DOVR WKDW D SURMHFWLRQ LV DQ LGHPSRWHQW RSHUDWRU ZKRVH
UDQJH DQG NHUQHO DUH RUWKRJRQDO WR HDFK RWKHU� $ SURMHFWLRQ 3 LV QRQWULYLDO LI
2 � 3 � ,� ZKHUH 2 DQG , GHQRWH WKH QXOO RSHUDWRU DQG WKH LGHQWLW\� UHVSHFWLYHO\�
:H EHJLQ ZLWK D ZHOO�NQRZQ UHVXOW RQ WKH FKDUDFWHUL]DWLRQ RI UHGXFLEOH RSHUDWRUV
�VHH H�J�� >�@ S������ ZKLFK KHOSV LQ WKH GHpQLWLRQ RI TXDVLUHGXFLEOH RSHUDWRUV�

3URSRVLWLRQ ���� /HW 7 EH DQ RSHUDWRU� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH

HTXLYDOHQW�

�D� 7 LV UHGXFLEOH�

�E� 7 FRPPXWHV ZLWK D QRQWULYLDO SURMHFWLRQ�

�F� 7 FRPPXWHV ZLWK D QRQVFDODU QRUPDO RSHUDWRU�

�G� 7KHUH H[LVWV D QRQVFDODU RSHUDWRU WKDW FRPPXWHV ZLWK 7 DQG ZLWK 7 e�

7KXV DQ RSHUDWRU 7 LV UHGXFLEOH LI DQG RQO\ LI WKHUH H[LVWV D QRQVFDODU RSHUDWRU
/ VXFK WKDW /7  7/ DQG 7 e/b /7 e  2� 7KDW LV� LI DQG RQO\ LI WKHUH H[LVWV D
QRQVFDODU RSHUDWRU / LQ I7J� ? I7 eJ�� ZKHUH I7J� GHQRWHV WKH FRPPXWDQW RI 7 �

' DW H� - X O\ �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��% ���
. H\ Z RU GV DQ G SKU DVHV� + \ S RQ RU P DO RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV� T X DVLU HG X FLE OH RS HU DWRU V�
6 X S S RU WHG LQ S DU W E \ & 1 3 T �% U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO��
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'HpQLWLRQ ���� $Q RSHUDWRU 7 LV TXDVLUHGXFLEOH LI WKHUH H[LVWV D QRQVFDODU / VXFK
WKDW

/7  7/ DQG UDQN
b
�7 e/b /7 e�7 b 7 �7 e/b /7 e�

c
x ��

,Q RWKHU ZRUGV� 7 LV TXDVLUHGXFLEOH LI WKHUH H[LVWV D QRQVFDODU / LQ I7J� VXFK WKDW
HLWKHU 7 e/b/7 e DOVR OLHV LQ I7J� RU WKH FRPPXWDWRU >�7 e/b /7 e�� 7 @ LV D UDQN�RQH
RSHUDWRU�

&OHDUO\� HYHU\ UHGXFLEOH RSHUDWRU LV TXDVLUHGXFLEOH� +HUH LV DQ DOWHUQDWLYH FKDUDF�
WHUL]DWLRQ RI TXDVLUHGXFLELOLW\� /HW '7 GHQRWH WKH VHOI�FRPPXWDWRU RI 7 �

'7  >7 e� 7 @  7 e7 b 7 7 e�

,I /7  7/� WKHQ '7/ b /'7  �7 e/b /7 e�7 b 7 �7 e/b /7 e� VR WKDW 7 LV

TXDVLUHGXFLEOH LI DQG RQO\ LI WKHUH H[LVWV D QRQVFDODU / VXFK WKDW

/7  7/ DQG UDQN�'7/b /'7 � x ��

(OHPHQWDU\ IDFWV DERXW TXDVLUHGXFLELOLW\� ZKLFK ZLOO EH QHHGHG LQ WKH VHTXHO�
DUH VWDWHG LQ 3URSRVLWLRQV ��� DQG ��� EHORZ� 3URSRVLWLRQ ��� VD\V WKDW TXDVL�
UHGXFLELOLW\ �DV UHGXFLELOLW\� LV SUHVHUYHG XQGHU XQLWDU\ HTXLYDOHQFH� 7KHLU SURRIV
DUH VWUDLJKWIRUZDUG� KHQFH RPLWWHG�

3URSRVLWLRQ ���� ,I 7 LV TXDVLUHGXFLEOH� WKHQ

�D� y7 LV TXDVLUHGXFLEOH IRU HYHU\ y � &�
�E� y, � 7 LV TXDVLUHGXFLEOH IRU HYHU\ y � &�
�F� 7 e LV TXDVLUHGXFLEOH�

3URSRVLWLRQ ���� (YHU\ RSHUDWRU XQLWDULO\ HTXLYDOHQW WR D TXDVLUHGXFLEOH RSHUDWRU

LV TXDVLUHGXFLEOH�

�� ) LQLW H�'LP HQVLRQDO ([DP SO HV

)LUVW ZH VKDOO H[KLELW D QRQTXDVLUHGXFLEOH RSHUDWRU WKDW LV VLPLODU WR D UHGXFLEOH
RQH� 7KXV �DV UHGXFLELOLW\� TXDVLUHGXFLELOLW\ DOVR LV QRW SUHVHUYHG XQGHU VLPLODULW\�

([DPSOH ���� 6HW +  &� DQG LGHQWLI\ WKH RSHUDWRUV RQ &� ZLWK WKHLU PDWULFHV
ZLWK UHVSHFW WR WKH FDQRQLFDO EDVLV IRU &�� /HW

7  

�
#
� b� �
� � �
� � �

�
$ VR WKDW '7  

�
#

b� b� �
b� � b�
� b� �

�
$ �

$Q\ QRQVFDODU / WKDW FRPPXWHV ZLWK 7 LV RI WKH IRUP
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�
#

o p q

� ob q �
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�
$ �

ZKHUH p DQG q FDQQRW EH ERWK QXOO� 7KXV

'7/b /'7  

�
#
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DQG KHQFH UDQN�'7/b /'7 � y � IRU HYHU\ QRQVFDODU / WKDW FRPPXWHV ZLWK 7 �
2XWFRPH� 7 LV QRW TXDVLUHGXFLEOH� 1RZ SXW

H7  

�
#
� � �
� � �
� � �

�
$ DQG :  

�
#
� � �
� � �
� � �

�
$ �

VR WKDW : LV LQYHUWLEOH DQG :7  H7: � 7KHUHIRUH� WKH UHGXFLEOH H7  �j
b
� �

� �

c
LV

VLPLODU WR 7 � ZKLFK LV QRW HYHQ TXDVLUHGXFLEOH�

$Q RSHUDWRU 7 LV QLOSRWHQW LI 7Q  2 IRU VRPH SRVLWLYH LQWHJHU Q� 7KH OHDVW
LQWHJHU Q VXFK WKDW 7Q  2 LV WKH QLOSRWHQFH LQGH[ RI 7 �

3URSRVLWLRQ ���� /HW 7 EH DQ RSHUDWRU DFWLQJ RQ DQ DUELWUDU\ +LOEHUW VSDFH +� ,I

7 LV D QLOSRWHQW RSHUDWRU RI LQGH[ Q�� IRU VRPH Qy�� WKHQ HLWKHU 7Q LV UHGXFLEOH�

RU 7 LV TXDVLUHGXFLEOH ZLWK QLOSRWHQFH LQGH[ � RQ D WZR�GLPHQVLRQDO VSDFH�

3URRI� 7DNH D QRQ]HUR RSHUDWRU 7 RQ + DQG OHW 1 �7 � GHQRWH WKH QXOO VSDFH �NHUQHO�
RI 7 � 6LQFH 1 �7 � LV 7 �LQYDULDQW ZH PD\ ZULWH

7  

v
2 ;

2 <

w
� VR WKDW 7Q  

v
2 ;< Qb�

2 < Q

w
IRU HYHU\ Qy� �

ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ +  1 �7 �j 1 �7 �"� ZKHUH ; � 1 �7 �"� 1 �7 �
DQG < � 1 �7 �"� 1 �7 �"DUH ERXQGHG DQG OLQHDU� ,I 7Q� �  7 7Q  2 DQG 7Q � 2�
WKHQ WKH LQYDULDQW VXEVSDFH 1 �7 � LV QRQWULYLDO �� LV DQ HLJHQYDOXH RI 7 �� VR WKDW
ERWK 1 �7 � DQG 1 �7 �" DUH QRQ]HUR� DQG < Q  2� < Qb� � 2 DQG ; � 2� +HQFH

7Q  

v
2 =

2 2

w
ZLWK =  ;< Qb� � 1 �7 �"� 1 �7 � �

7KHUHIRUH� ZLWK UHVSHFW WR WKH VDPH GHFRPSRVLWLRQ +  1 �7 �j 1 �7 �"� VHW

4  

v
==e 2

2 =e=

w
VR WKDW 47Q  7Q4  

v
2 ==e=

2 2

w
�

ZKHUH =e� 1 �7 �� 1 �7 �" LV WKH DGMRLQW RI =� ,I WKH QRQQHJDWLYH 4 LV QRQVFDODU�

WKHQ 7Q LV UHGXFLEOH� 6XSSRVH 4 LV VFDODU� ,Q WKLV FDVH� =  y
�

� 8 IRU VRPH SRVLWLYH
VFDODU y DQG VRPH XQLWDU\ WUDQVIRUPDWLRQ 8 VR WKDW 1 �7 � DQG 1 �7 �" DUH XQLWDULO\
HTXLYDOHQW� DQG KHQFH GLP 1 �7 �  GLP 1 �7 �"� 1RZ WDNH DQ DUELWUDU\ RSHUDWRU
$ � 1 �7 �� 1 �7 � DQG VHW� VWLOO RQ +  1 �7 �j 1 �7 �"�

1  

v
$ 2

2 yb�=e$=

w
VR WKDW 17Q  7Q1  

v
2 $=

2 2

w
�

,I GLP 1 �7 � y �� WKHQ OHW $ EH D QRQVFDODU QRUPDO RSHUDWRU VR WKDW 1 LV D QRQVFDODU
QRUPDO RSHUDWRU DV ZHOO� DQG WKHUHIRUH 7Q LV UHGXFLEOH� ,I GLP 1 �7 �  �� WKHQ

GLP+  �� ,Q WKLV FDVH ZH PD\ DVVXPH ZLWK QR ORVV RI JHQHUDOLW\ WKDW 7Q  
b
� �

� �

c

RQ &�� 7KLV LPSOLHV WKDW Q  �� DQG KHQFH DQ\ QRQVFDODU / WKDW FRPPXWHV ZLWK 7

LV RI WKH IRUP /  
b
o p

� o

c
ZLWK p � �� ZKLFK LV QHYHU QRUPDO� 7KXV 7 LV LUUHGXFLEOH�

+RZHYHU� 7 LV TXDVLUHGXFLEOH EHFDXVH UDQN�'7/b /'7 �  ��

3DUWLFXODU FDVH �Q  ��� (YHU\ QLOSRWHQW RSHUDWRU RI LQGH[ � LV TXDVLUHGXFLEOH� ,Q
IDFW� D QLOSRWHQW RSHUDWRU RI LQGH[ � DFWLQJ RQ D +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU

WKDQ WZR LV UHGXFLEOH� RQ D WZR�GLPHQVLRQDO VSDFH LW LV LUUHGXFLEOH EXW TXDVLUHGXFLEOH�
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5HPDUN ���� ,W LV ZRUWK QRWLFLQJ WKDW QLOSRWHQW RSHUDWRUV RI KLJKHU LQGH[ DUH QRW
QHFHVVDULO\ TXDVLUHGXFLEOH� 6DPSOH�

7  

�
#
� � �
� � �
� � �

�
$

RQ &� LV D QLOSRWHQW RI LQGH[ � WKDW LV QRW TXDVLUHGXFLEOH� ,Q IDFW� DQ\ / WKDW
FRPPXWHV ZLWK 7 LV RI WKH IRUP

/  

�
#

o p q

� o p

� � o

�
$ VR WKDW '7/b/'7  

�
#

p b�p b q b�p b �q
� b�p b�p b q

� � p

�
$ �

DQG KHQFH UDQN�'7/b /'7 � y � ZKHQHYHU / LV QRQVFDODU�

�� ,QI LQLW H�'LP HQVLRQDO ([DP SO HV

5HFDOO WKDW DQ RSHUDWRU 7 LV TXDVLQRUPDO LI LW FRPPXWHV ZLWK 7 e7 � VXEQRUPDO
LI LW KDV D QRUPDO H[WHQVLRQ �L�H�� LI LW LV WKH UHVWULFWLRQ RI D QRUPDO RSHUDWRU WR
DQ LQYDULDQW VXEVSDFH�� DQG K\SRQRUPDO LI '7 LV QRQQHJDWLYH� 7KHVH FODVVHV DUH
UHODWHG E\ SURSHU LQFOXVLRQ �1RUPDO ~ 4XDVLQRUPDO ~ 6XEQRUPDO ~ +\SRQRUPDO�
LI + LV DQ LQpQLWH�GLPHQVLRQDO VSDFH �RWKHUZLVH WKH\ DOO FRLQFLGH ZLWK WKH FODVV RI
QRUPDO RSHUDWRUV�� 7KH WHFKQLTXHV DSSOLHG LQ WKLV VHFWLRQ DUH DOO VWDQGDUG IURP
VLQJOH RSHUDWRU WKHRU\ DQG FDQ EH IRXQG LQ PDQ\ VRXUFHV �VHH� IRU LQVWDQFH� >�@� >�@�
>�@� >�@� >��@ DQG >��@��

3URSRVLWLRQ ���� (YHU\ TXDVLQRUPDO RSHUDWRU LV TXDVLUHGXFLEOH�

3URRI� :H VKDOO VSOLW WKH SURRI LQWR IRXU SDUWV�

�D� $ QRUPDO RSHUDWRU LV WULYLDOO\ UHGXFLEOH� DQG KHQFH WULYLDOO\ TXDVLUHGXFLEOH�

�E� $ SXUH LVRPHWU\ �L�H�� D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\� LV SUHFLVHO\ D XQLODWHUDO
VKLIW �E\ WKH YRQ 1HXPDQQ�:ROG GHFRPSRVLWLRQ�� ,I LWV PXOWLSOLFLW\ LV JUHDWHU WKDQ
RQH� WKHQ LW LV WKH GLUHFW VXP RI WZR XQLODWHUDO VKLIWV� WKXV UHGXFLEOH� ,I LW LV RI
PXOWLSOLFLW\ RQH� WKHQ LW LV QRW UHGXFLEOH EXW TXDVLUHGXFLEOH� ,QGHHG� LI 6 � LV D
XQLODWHUDO VKLIW RI PXOWLSOLFLW\ RQH� WKHQ �6 �

e6� b 6� 6�
e�6� b 6� �6�

e6� b 6� 6�
e�  

6 � �6� 6 �
e b ,� LV D UDQN�RQH RSHUDWRU�

�F� 7KH YRQ�1HXPDQQ�:ROG GHFRPSRVLWLRQ VD\V WKDW HYHU\ LVRPHWU\ LV WKH GLUHFW
VXP RI D XQLODWHUDO VKLIW DQG D XQLWDU\ RSHUDWRU �L�H�� D QRUPDO LVRPHWU\�� ZKHUH DQ\
RI WKH GLUHFW VXPPDQGV PD\ EH PLVVLQJ� 7KXV SDUWV �D� DQG �E� HQVXUH WKDW HYHU\
LVRPHWU\ LV TXDVLUHGXFLEOH� DQG VR LV HYHU\ PXOWLSOH RI DQ LVRPHWU\ �3URSRVLWLRQ
���^D��

�G� $Q RSHUDWRU 7 LV D PXOWLSOH RI DQ LVRPHWU\ LI DQG RQO\ LI WKH QRQQHJDWLYH
RSHUDWRU 7 e7 LV VFDODU �UHDVRQ� DQ LVRPHWU\ LV SUHFLVHO\ DQ RSHUDWRU 9 VXFK WKDW
9 e9  ,�� ,I 7 LV TXDVLQRUPDO EXW QRW D PXOWLSOH RI DQ LVRPHWU\� WKHQ 7 e7 LV D
QRQVFDODU QRUPDO RSHUDWRU LQ I7J� E\ WKH YHU\ GHpQLWLRQ RI TXDVLQRUPDOLW\� 7KXV
7 LV UHGXFLEOH� DQG KHQFH TXDVLUHGXFLEOH�

$ XQLODWHUDO ZHLJKWHG VKLIW ZLWK ZHLJKW VHTXHQFH I�NJNy� LV XQLWDULO\ HTXLYDOHQW
WR WKH XQLODWHUDO ZHLJKWHG VKLIW ZLWK ZHLJKW VHTXHQFH IM�NMJNy�� 7KHUHIRUH� DFFRUG�
LQJ WR 3URSRVLWLRQ ���� WKHUH LV QR ORVV RI JHQHUDOLW\ LQ DVVXPLQJ ZHLJKWHG VKLIWV
ZLWK QRQQHJDWLYH ZHLJKWV DV IDU DV TXDVLUHGXFLELOLW\ LV FRQFHUQHG� 7KXV� IURP QRZ



4 8$6 ,5(' 8&,%/ ( 2 3(5$72 56 �

RQ� DOO ZHLJKW VHTXHQFHV ZLOO EH DVVXPHG QRQQHJDWLYH� :H VKDOO VD\ WKDW D GLDJ�
RQDO RSHUDWRU KDV PXOWLSOLFLW\ RQH LI WKH GLDJRQDO VHTXHQFH LV PDGH XS RI GLVWLQFW
HOHPHQWV�

3URSRVLWLRQ ���� (YHU\ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW ZKRVH VHOI�FRPPXWDWRU

KDV PXOWLSOLFLW\ RQH LV QRW TXDVLUHGXFLEOH

3URRI� /HW :�  VKLIW�I�NJNy�� EH D XQLODWHUDO ZHLJKWHG VKLIW RQ C�� ZLWK ZHLJKW
�QRQQHJDWLYH� VHTXHQFH I�NJNy� VR WKDW:�

e:�  GLDJ���
�� �

�
� � �

�
�� ccc� DQG:� :�

e  
GLDJ��� ��

�� �
�
� � �

�
�� ccc�� DQG KHQFH

' : �  :�
e:� b:� :�

e  GLDJ�IrNJNy���

D GLDJRQDO RSHUDWRU RQ C�� ZKRVH GLDJRQDO HQWULHV DUH r�  ��
� DQG rN � �  ��

N � �b��
N

IRU HYHU\ Ny�� 5HFDOO WKDW :� LV LQMHFWLYH LI DQG RQO\ LI :�
e:� LV LQMHFWLYH� ZKLFK

PHDQV WKDW �N � � IRU HYHU\ Ny�� /HW $ EH DQ DUELWUDU\ RSHUDWRU RQ C�� DQG
LGHQWLI\ LW ZLWK WKH �LQpQLWH� PDWUL[ >oM�N@M�Ny� WKDW UHSUHVHQWV LW ZLWK UHVSHFW WR
WKH FDQRQLFDO EDVLV IRU C�� �

&ODLP �� ,I '  GLDJ�IyNJNy�� LV D GLDJRQDO RI PXOWLSOLFLW\ RQH� WKHQ $ FRPPXWHV
ZLWK ' LI DQG RQO\ LI $ LV D GLDJRQDO�

3URRI� 7KLV LV UHDGLO\ YHULpHG RQFH '$b$'  
d
oM�N�yM b yN�

e
M�Ny�

� XW

&ODLP �� ,I $ FRPPXWHV ZLWK DQ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW :� � WKHQ $ LV
ORZHU WULDQJXODU �L�H�� DOO HQWULHV DERYH WKH PDLQ GLDJRQDO DUH ]HUR� ZLWK D FRQVWDQW
PDLQ GLDJRQDO� 0RUHRYHU� WKH HQWULHV RI HDFK ORZHU GLDJRQDO �L�H�� RI HDFK GLDJRQDO
EHORZ WKH PDLQ GLDJRQDO� DUH HLWKHU DOO ]HUR RU DOO QRQ]HUR�

3URRI� ,I :� $  $:� DQG �N � � IRU HYHU\ Ny�� WKHQ �VHH H�J�� >��@ S����

oM � L� ��M � �  
�M � L

�M
oM � L�M

IRU HYHU\ My� DQG Ly �� 0RUHRYHU� LW LV UHDGLO\ YHULpHG WKDW $ LV ORZHU WULDQJXODU�
)RU L  � ZH JHW oM � ��M � �  oM�M � ZKLFK PHDQV WKDW $ KDV D FRQVWDQW PDLQ GLDJRQDO�
)RU DQ\ Ly� WKLV HQVXUHV WKDW HLWKHU WKH VHTXHQFH IoM � L�MJMy� LV QXOO RU oM � L�M � �
IRU HYHU\ My�� 7KDW LV� WKH LWK ORZHU GLDJRQDO RI $ LV HLWKHU ]HUR RU HQWLUHO\ PDGH
RI QRQ]HUR HQWULHV� XW

&ODLP �� ,I D ORZHU WULDQJXODU $ ZLWK ORZHU GLDJRQDOV HLWKHU ]HUR RU HQWLUHO\ QRQ�
]HUR GRHV QRW FRPPXWH ZLWK D GLDJRQDO ' RI PXOWLSOLFLW\ RQH� WKHQ '$b$' LV
QRW pQLWH�UDQN�

3URRI� /HW HN  ��� ccc � �� �� �� ccc �� ZLWK WKH RQO\ QRQ]HUR HQWU\ HTXDO WR � DW WKH
NWK SRVLWLRQ� EH DQ DUELWUDU\ HOHPHQW RI WKH FDQRQLFDO EDVLV IRU C�� � 5HFDOO WKDW
'$b$'  >oM�N�yM byN�@M�Ny� IRU DQ\ GLDJRQDO '  GLDJ�IyNJNy��� ,I $ LV ORZHU
WULDQJXODU �L�H�� oM�N  � ZKHQHYHU M � N�� WKHQ �'$b$'�HN FRLQFLGHV ZLWK WKH
NWK FROXPQ RI WKH ORZHU WULDQJXODU '$ b $'� 6LQFH $ GRHV QRW FRPPXWH ZLWK
'� LW IROORZV E\ &ODLP � WKDW $ LV QRW D GLDJRQDO� WKHUH H[LVWV oM�N � � IRU VRPH
SDLU �M� N� ZLWK M ! N y �� &RQVHTXHQWO\� WKH ORZHU GLDJRQDO WR ZKLFK LW EHORQJV LV
HQWLUHO\ QRQ]HUR� 6LQFH ' LV D GLDJRQDO RI PXOWLSOLFLW\ RQH �L�H�� yM � yN ZKHQHYHU
M � N�� LW IROORZV WKDW WKH ORZHU WULDQJXODU'$b$' KDV DW OHDVW RQH ORZHU GLDJRQDO
PDGH XS RI QRQ]HUR HQWULHV� +HQFH

:
I�'$b$'�HNJNy� LV DQ LQpQLWH�GLPHQVLRQDO

VXEVSDFH RI UDQJH�'$b$'� VR WKDW '$b$' LV QRW pQLWH�UDQN� XW

2XWFRPH� /HW :� EH DQ LQMHFWLYH XQLODWHUDO ZHLJKWHG VKLIW ZKRVH VHOI�FRPPXWDWRU
' : �  :�

e:� b:� :�
e KDV PXOWLSOLFLW\ RQH� ,I $ FRPPXWHV ZLWK :� DQG ZLWK
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' : � � WKHQ $ LV VFDODU �&ODLPV � DQG ��� ,I $ FRPPXWHV ZLWK :� EXW GRHV QRW
FRPPXWH ZLWK ' : � � WKHQ ' : � $b$' : � LV QRW pQLWH�UDQN �&ODLPV � DQG ���

�� ,QYDU LDQW 6XEVSDF HV

,Q WKLV VHFWLRQ ZH LQYHVWLJDWH D UHODWLRQVKLS EHWZHHQ WKH FRQFHSW RI TXDVLUHGXFLELOLW\
DQG WZR PDMRU LQYDULDQW VXEVSDFH UHVXOWV� QDPHO\� /RPRQRVRY
V IRU FRPSDFW RSHU�
DWRUV DQG %HUJHU�6KDZ
V IRU K\SRQRUPDO RSHUDWRUV� $V XVXDO� LI DQ RSHUDWRU 7 KDV
D FRPSDFW VHOI�FRPPXWDWRU '7 � WKHQ 7 LV FDOOHG HVVHQWLDOO\ QRUPDO�

7KHRUHP ���� (YHU\ HVVHQWLDOO\ QRUPDO TXDVLUHGXFLEOH RSHUDWRU KDV D QRQWULYLDO

LQYDULDQW VXEVSDFH�

3URRI� 7KH /RPRQRVRY 7KHRUHP >��@ �VHH DOVR >��@ S���� RU >��@ S���� VD\V WKDW
LI D QRQVFDODU RSHUDWRU FRPPXWHV ZLWK D QRQ]HUR FRPSDFW RSHUDWRU� WKHQ LW KDV
D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH� $ QLFH JHQHUDOL]DWLRQ RI LW ZDV FRQVLGHUHG
LQ >�@ DQG >�@ �VHH DOVR >�@�� LI DQ RSHUDWRU / LV VXFK WKDW UDQN�./b /.�  � IRU
VRPH FRPSDFW RSHUDWRU.� WKHQ / KDV D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH� ,I WKHUH
H[LVWV D QRQVFDODU / VXFK WKDW /7  7/ DQG UDQN�./b /.� x � IRU VRPH QRQ]HUR
FRPSDFW RSHUDWRU .� WKHQ WKH DERYH WZR UHVXOWV HQVXUH WKDW 7 KDV D QRQWULYLDO
LQYDULDQW VXEVSDFH� 7KLV SURYHV WKH WKHRUHP ZKHQHYHU WKH VHOI�FRPPXWDWRU '7  
>7 e� 7 @ LV QRQ]HUR DQG FRPSDFW� ,I '7  2� WKHQ 7 LV QRUPDO DQG WKH UHVXOW KROGV
WULYLDOO\�

&RUROODU\ ���� (YHU\ TXDVLUHGXFLEOH K\SRQRUPDO RSHUDWRU KDV D QRQWULYLDO LQYDUL�

DQW VXEVSDFH�

3URRI� 7KH %HUJHU�6KDZ 7KHRUHP >�@� >�@ �VHH DOVR >�@ S����� HQVXUHV WKDW LI D K\�
SRQRUPDO RSHUDWRU 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LWV VHOI�FRPPXWDWRU
'7 LV D WUDFH�FODVV RSHUDWRU� DQG KHQFH FRPSDFW� WKDW LV� 7 LV HVVHQWLDOO\ QRUPDO�
7KHUHIRUH� LI D K\SRQRUPDO RSHUDWRU KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW
LV QRW TXDVLUHGXFLEOH E\ WKH DERYH WKHRUHP�

�� 2SHQ 4XHVW LRQV

$SSDUHQWO\� WKHUH LV D JDS EHWZHHQ WKH FODVVHV RI UHGXFLEOH DQG TXDVLUHGXFLEOH RS�
HUDWRUV� &RQVLGHU WKH FODVV & RI DOO RSHUDWRUV 7 IRU ZKLFK WKHUH H[LVWV D QRQVFDODU
/ VXFK WKDW

/7  7/ DQG '7/  /'7 �

&OHDUO\� & LQFOXGHV WKH FODVV RI DOO UHGXFLEOH RSHUDWRUV DQG LV LQFOXGHG LQ WKH FODVV
RI DOO TXDVLUHGXFLEOH RSHUDWRUV�

5HGXFLEOH v & ~ 4XDVLUHGXFLEOH�

1RWH WKDW WKH VHFRQG LQFOXVLRQ LV� LQ IDFW� SURSHU �L�H�� WKHUH H[LVW TXDVLUHGXFLEOH
RSHUDWRUV QRW LQ & �� )RU LQVWDQFH� WDNH DQ\ TXDVLUHGXFLEOH RSHUDWRU 7 IRU ZKLFK
UDQN�'7/b /'7 � y � IRU HYHU\ QRQVFDODU / LQ I7J� �VDPSOHV� XQLODWHUDO VKLIW RI

PXOWLSOLFLW\ RQH RU� VLPSO\� 7  
b
� �

� �

c
RQ &���

4XHVWLRQ ���� 'RHV WKH FODVV & FRLQFLGH ZLWK WKH FODVV RI DOO UHGXFLEOH RSHUDWRUV"

,Q RWKHU ZRUGV� LV LW WUXH WKDW LI 7 LV LUUHGXFLEOH� WKHQ UDQN�'7/b /'7 � y �
IRU HYHU\ QRQVFDODU / LQ I7J�" 7KHUH DUH PDQ\ ZD\V WR UHIRUPXODWH WKH DERYH
TXHVWLRQ� /HW XV pUVW FRQVLGHU WKH IROORZLQJ SURSRVLWLRQ�
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3URSRVLWLRQ ���� 7 LV UHGXFLEOH LI DQG RQO\ LI WKHUH H[LWV D QRQVFDODU / VXFK WKDW

�D� /7  7/� '7/  /'7 DQG

�E� �7 e'/ b'/7
e�7  7 �7 e'/ b'/7

e��

3URRI� ,I 7 LV UHGXFLEOH� WKHQ WKHUH H[LVWV D QRQVFDODU / LQ I7J� ? I7 eJ�� 7KXV
DVVHUWLRQV �D� DQG �E� KROG WULYLDOO\� &RQYHUVHO\� WDNH D QRQVFDODU / DQG VHW &  
7 e/b /7 e� 5HFDOO WKDW DVVHUWLRQ �D� LV HTXLYDOHQW WR /7  7/ DQG &7  7&�
+HQFH� LI �D� KROGV�

'&  &e&b&&e �/e7b7/e�&b&�/e7b7/e�  �/e&b&/e�7b7 �/e&b&/e��

+RZHYHU� DV /e7 e  7 e/e�

/e& b &/e  /e�7 e/b /7 e�b �7 e/b /7 e�/e  7 e'/ b'/7
e�

7KHUHIRUH� LI DVVHUWLRQ �E� DOVR KROGV� '&  2� WKDW LV� & LV QRUPDO� ,I & LV QRQ�
VFDODU� WKHQ 7 LV UHGXFLEOH �VLQFH &7  7&�� ,I & LV VFDODU� WKHQ &  2 �UHDVRQ�
& LV D FRPPXWDWRU DQG QRQ]HUR FRPPXWDWRUV DUH QRQVFDODU _ VHH H�J�� >�@ S������
DQG KHQFH WKH QRQVFDODU / OLHV LQ I7J� ? I7 eJ�� WKDW LV� 7 LV UHGXFLEOH�

7KXV 4XHVWLRQ ��� FDQ EH UHZULWWHQ DV� FDQ ZH GURS DVVHUWLRQ �E� IURP WKH VWDWHPHQW

RI 3URSRVLWLRQ ���" (TXLYDOHQWO\� GRHV WKHUH H[LVW D QRQVFDODU QRUPDO LQ I7J�

ZKHQHYHU WKHUH H[LVWV D QRQVFDODU / WKDW VDWLVpHV DVVHUWLRQ �D�" $QRWKHU ZD\ WR
ORRN XSRQ WKH VDPH TXHVWLRQ� )L[ DQ RSHUDWRU 7 DQG FRQVLGHU WKH XQLWDO DOJHEUD
$7 RI DOO RSHUDWRUV WKDW FRPPXWH ZLWK 7 DQG ZLWK '7 �

$7  
j
/ � /7  7/ DQG '7/  /'7

k
 I7J� ? I'7J

��

/HW & GHQRWH WKH WULYLDO XQLWDO DOJHEUD RI DOO VFDODU RSHUDWRUV VR WKDW WKH LQFOXVLRQV
& v $7 v I7J� KROG WULYLDOO\� ,W LV UHDGLO\ YHULpHG WKDW $7  I7J� LI DQG RQO\ LI
7 LV QRUPDO� ,QGHHG� LI '7  2 WKHQ $7  I7J� DQG� FRQYHUVHO\� LI I7J� v $7 �
WKHQ 7 OLHV LQ $7 VR WKDW 7 FRPPXWHV ZLWK '7 � ZKLFK PHDQV WKDW 7 LV QRUPDO �VHH
H�J�� >��@ S���� 2Q WKH RSSRVLWH HQG� LI &  $7 � WKHQ 7 LV LUUHGXFLEOH� ,Q IDFW� LI 7
LV UHGXFLEOH WKHQ DQ\ QRQVFDODU / LQ I7J� ? I7 eJ� OLHV LQ $7 � 7KH FRQYHUVH KROGV
LI DQG RQO\ LI 4XHVWLRQ ��� KDV DQ DrUPDWLYH DQVZHU� LV LW WUXH WKDW &  $7 IRU

HYHU\ LUUHGXFLEOH 7 "

%RWK SURGXFW DQG �RUGLQDU\� VXP RI TXDVLUHGXFLEOH RSHUDWRUV DUH QRW QHFHVVDULO\
TXDVLUHGXFLEOH� )RU LQVWDQFH� VHW

7  

�
#
� � �
� � �
� � �

�
$ VR WKDW 7 �  

�
#
� � �
� � �
� � �

�
$ �

7 � LV D QLOSRWHQW RI LQGH[ � RQ &� �WKXV UHGXFLEOH� DQG 7 LV TXDVLUHGXFLEOH �VLQFH
UDQN�7 �'7 b'7 7

��  �� VR WKDW , � 7 LV TXDVLUHGXFLEOH E\ 3URSRVLWLRQ ���^E�
+RZHYHU� 7 �, � 7 �  7 � 7 �� ZKLFK LV ERWK D SURGXFW DQG D VXP RI TXDVLUHGXFLEOH
RSHUDWRUV� LV QRW TXDVLUHGXFLEOH �FI� 5HPDUN ����� ,V WKH VTXDUH RI D TXDVLUHGXFLEOH
RSHUDWRU TXDVLUHGXFLEOH"

4XHVWLRQ ���� ,V 7Q TXDVLUHGXFLEOH IRU HYHU\ LQWHJHU Qy� ZKHQHYHU 7 LV TXDVL�

UHGXFLEOH"

2EVHUYH WKDW WKHUH H[LVW RSHUDWRUV IRU ZKLFK DOO �SRVLWLYH� SRZHUV DUH QRW TXDVL�

UHGXFLEOH� 6DPSOH� 7  
b
� �
� �

c
RQ &� LV LGHPSRWHQW DQG QRW TXDVLUHGXFLEOH �DFWXDOO\�
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'7/b /'7 LV IXOO�UDQN IRU HYHU\ QRQVFDODU / LQ I7J��� DQG KHQFH HYHU\ SRO\QRPLDO
RI 7 LV QRW TXDVLUHGXFLEOH E\ 3URSRVLWLRQ ���^D�E� 7KLV SURPSWV RXU pQDO TXHVWLRQ�

4XHVWLRQ ���� ,I HYHU\ SRO\QRPLDO RI 7 LV TXDVLUHGXFLEOH� PXVW 7 EH UHGXFLEOH"

5HI HU HQF HV

�� & �$ � % HU JHU DQ G % �,� 6 K DZ � 6 HOIFRPPXW DW RU V RI PXOW LF\ FOLF K\ SRQ RU PDO RSHU DW RU V DU H DOZ D\ V

W U DFH FODVV� % X OO� $ P HU � 0DWK � 6 RF� �� ������� ����^�����
�� & �$ � % HU JHU DQ G % �,� 6 K DZ � ,Q W HU W Z LQ LQ J� DQ DO\ W LF VW U XFW XU HV� DQ G W KH W U DFH Q RU P HVW LPDW H�

3 U RFHHG LQ JV RI D & RQ IHU HQ FH RQ 2S HU DWRU 7 K HRU \ �/HFWX U H 1 RWHV 0DWK HP DWLFV� 9 RO�����
6 S U LQ JHU � % HU OLQ � ������ �^��

�� - �% � & RQ Z D\ � $ & RXU VH LQ )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG Q � �6 S U LQ JHU � 1 HZ < RU N � ������
�� - �% � & RQ Z D\ � 7 KH 7 KHRU \ RI 6 XEQ RU PDO 2SHU DW RU V �0DWK HP DWLFDO 6 X U Y H\ V DQ G 0RQ RJU DS K V

9 RO���� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� ������
�� - � 'DX JK WU \ � $ Q LQ YDU LDQ W VXEVSDFH W KHRU HP� 3 U RF� $ P HU � 0DWK � 6 RF� �� ������� ���^����
�� 3 �5� + DOP RV� $ + LOEHU W 6 SDFH 3 U REOHP %RRN � �Q G HG Q � �6 S U LQ JHU � 1 HZ < RU N � ������
�� + �: � .LP � & � 3 HDU F\ DQ G $ �/� 6 K LHOG V� 5 DQ N� RQ H FRPPXW DW RU V DQ G K\ SHU LQ YDU LDQ W VXEVSDFHV�

0LFK LJDQ 0DWK � - � �� ������� ���^����
�� + �: � .LP � & � 3 HDU F\ DQ G $ �/� 6 K LHOG V� 6 XrFLHQ W FRQ GLW LRQ V IRU U DQ N� RQ H FRPPXW DW RU V DQ G

K\ SHU LQ YDU LDQ W VXEVSDFHV� 0LFK LJDQ 0DWK � - � �� ������� ���^����

�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ �% LU N �
K �DX VHU � % RVWRQ � ������

��� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ �% LU N K �DX VHU � % RVWRQ � ������
��� 9 �,� /RP RQ RVRY � ,Q YDU LDQ W VXEVSDFHV IRU W KH IDPLO\ RI RSHU DW RU V Z KLFK FRPPXW H Z LW K D FRP�

SOHW HO\ FRQ W LQ XRXV RSHU DW RU � )X Q FWLRQ DO $ Q DO� $ S S O� � ������� ���^����
��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ �& % 06 5HJLRQ DO & RQ IHU HQ FH

6 HU LHV LQ 0DWK HP DWLFV 1 R���� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� ������
��� & �5 3 X WQ DP � & RPPXW DW LRQ 3 U RSHU W LHV RI + LOEHU W 6 SDFH 2SHU DW RU V DQ G 5 HODW HG 7 RSLFV

�6 S U LQ JHU � % HU OLQ � ������
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV �6 S U LQ JHU � 1 HZ < RU N � ������
��� $ �/� 6 K LHOG V� : HLJKW HG VKLIW V RSHU DW RU V DQ G DQ DO\ W LF IXQ FW LRQ W KHRU \ � 7 RS LFV LQ 2S HU DWRU

7 K HRU \ �0DWK HP DWLFDO 6 X U Y H\ V 1 R���� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �Q G S U � ������ ��^���E �

& DW KRO LF 8QLYHU VLW \� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


