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/HW + EH D +LOEHUW VSDFH� DQG OHW %�+� VWDQG IRU WKH %DQDFK DOJHEUD RI DOO ERXQGHG
OLQHDU RSHUDWRUV RQ + LQWR LWVHOI� %\ D VXEVSDFH ZH PHDQ D FORVHG OLQHDU PDQLIROG RI +�
$ SDUW RI DQ RSHUDWRU $ � %�+� LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW VXEVSDFH� /HW 0
EH D VXEVSDFH RI +� 6XSSRVH 0 LV $�LQYDULDQW �L�H�� $�0� v 0�� :H VD\ WKDW D SDUW
$M0 RI $ LV FRQWUDFWLYH LI $M0 LV D FRQWUDFWLRQ LQ %�0�� DQG WKDW $M0 LV UHGXFLQJ LI
0 UHGXFHV $ �L�H�� LI0 LV D UHGXFLQJ VXEVSDFH� ZKLFK PHDQV WKDW0 DQG LWV RUWKRJRQDO
FRPSOHPHQW 0" ERWK DUH $�LQYDULDQW�� 5HFDOO >��� 3UREOHP ����@�� LI $ � %�+� LV D
FRQWUDFWLRQ� WKHQ HYHU\ XQLWDU\ SDUW RI $ �L�H�� HYHU\ UHVWULFWLRQ RI $ WR DQ $�LQYDULDQW
VXEVSDFH 0 VXFK WKDW $M0 LV XQLWDU\� LV UHGXFLQJ� ,Q RWKHU ZRUGV� LI WKH UHVWULFWLRQ
RI D +LOEHUW VSDFH FRQWUDFWLRQ WR DQ LQYDULDQW VXEVSDFH LV XQLWDU\� WKHQ WKH VXEVSDFH LV
UHGXFLQJ� 7KLV� KRZHYHU� IDLOV IRU D JHQHUDO RSHUDWRU $ � %�+��

,Q WKLV SDSHU ZH LQYHVWLJDWH 3XWQDP^)XJOHGH FRPPXWDWLYLW\ SURSHUWLHV �VKRUWHQHG WR
3)�SURSHUWLHV� IRU RSHUDWRUV $ � %�+� VXFK WKDW $ LV KHUHGLWDULO\ QRUPDORLG �L�H�� HYHU\
SDUW RI $ LV QRUPDORLG� DQG VDWLVpHV �'XQIRUG
V� FRQGLWLRQ �&�� &RPELQLQJ FRPPXWD�
WLYLW\ SURSHUWLHV DQG �'XQIRUG
V� FRQGLWLRQ �&� KDV EHHQ VXFFHVVIXOO\ H[SORUHG EHIRUH
�H�J�� >��� /HPPD ���@� >��� /HPPD ���@ DQG >��� 7KHRUHP �@�� +HUH ZH SURYH WKDW LI
WKH FRQWUDFWLYH SDUWV RI $ KDYH & c� FRPSOHWHO\ QRQXQLWDU\ SDUW� WKHQ $ � 3)�r� ? 3)�c�
�ZKHUH 3)�r� DQG 3)�c� DUH FODVVHV RI RSHUDWRUV KDYLQJ HVSHFLDO 3XWQDP^)XJOHGH FRP�
PXWDWLYLW\ SURSHUWLHV WKDW ZLOO EH GHpQHG LQ WKH QH[W VHFWLRQ�� $V DQ DSSOLFDWLRQ� ZH

$ 06 �026 � VX E MHFW FODVVLp FDWLRQ ������� 3 U LP DU \ � ��% ��� ��% ��
.H\ Z RU G V� 3 X WQ DP ^)X JOHG H FRP P X WDWLY LW\ S U RS HU W\ � JHQ HU DOL]HG G HU LY DWLRQ � HOHP HQ WDU \ RS HU DWRU �
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SURYH WKDW LI $ LV S�K\SRQRUPDO �� � S x ��� RU Z�K\SRQRUPDO� RU WRWDOO\ SDUDQRUPDO�
WKHQ $ � 3)�r� ? 3)�c�� �:H SURYH DOVR WKDW 0 �K\SRQRUPDO� PRUH JHQHUDOO\ GRPL�
QDQW� DQG e�SDUDQRUPDO RSHUDWRUV VDWLVI\ SURSHUW\ 3)�r��� )XUWKHUPRUH� ZH SURYH WKDW
D SDUDQRUPDO RSHUDWRU PD\ QRW VDWLVI\ �'XQIRUG
V� FRQGLWLRQ �&�� +HQFH D SDUDQRUPDO

RSHUDWRU PD\ QRW VDWLVI\ �%LVKRS
V� SURSHUW\ �p� DV ZHOO� SRLQWLQJ RXW WKHUHE\ WKH QHHG
IRU FRUUHFWLRQ LQ� IRU LQVWDQFH� >��@� >�@� DQG >��@�

$ JHQHUDOL]DWLRQ RI S�K\SRQRUPDO� Z�K\SRQRUPDO� GRPLQDQW DQG e�SDUDQRUPDO RSHU�
DWRUV LV REWDLQHG E\ FRQVLGHULQJ WKHLU N�TXDVL YDULDQWV >��@� �7KXV� $ � %�+� LV N�TXDVL�
S�K\SRQRUPDO IRU VRPH LQWHJHU N y � LI $eN�M$M�Sb M$eM�S�$N y ��� ,W LV VHHQ WKDW WKHVH
JHQHUDOL]DWLRQV DOVR VDWLVI\ SURSHUW\ 3)�r�� $V D pQDO DSSOLFDWLRQ RI RXU UHVXOWV� ZH FRQ�
VLGHU WKH G\QDPLFV RI SRZHU ERXQGHG RSHUDWRUV $ � %�+� VDWLVI\LQJ SURSHUW\ 3)�r�� )RU
VXFK RSHUDWRUV LW LV VHHQ WKDW LI WKH VHW

j

9 � %�+��9 LVRPHWULF� rb�
$�9

� ��� � I�J
k

� "�
WKHQ QHLWKHU RI $ DQG $e LV pQLWHO\ VXSHUF\FOLF�

�� 3 ) 3 U RSHU W\

/HW + DQG . VWDQG IRU +LOEHUW VSDFHV� %�+� . � IRU WKH %DQDFK VSDFH RI DOO ERXQGHG
OLQHDU WUDQVIRUPDWLRQ IURP+ LQWR . � DQG OHW %�+� DQG %�. � GHQRWH WKH %DQDFK DOJHEUDV
%�+�+� DQG %�. � . �� UHVSHFWLYHO\� /HW WKH XSSHU VWDU e VWDQG IRU WKH DGMRLQW RI D +LOEHUW
VSDFH RSHUDWRU� $Q RSHUDWRU $ � %�+� KDV 3XWQDP^)XJOHGH SURSHUW\ r �SURSHUW\ 3)�r��
IRU VKRUW� LI� ZKHQHYHU WKH HTXDWLRQ

;$e  9 ;

KROGV IRU VRPH LVRPHWU\ 9 � %�. � DQG VRPH ; � %�+� . �� WKHQ

;$  9 e;�

7KDW LV� DQ RSHUDWRU $ RQ + � I�J KDV SURSHUW\ 3)�r� LI HLWKHU $e LV QRW LQWHUWZLQHG
WR DQ\ LVRPHWU\ RQ DQ\ . � I�J RU� LI ; � � LQWHUWZLQHV $e WR DQ LVRPHWU\ 9 � WKHQ WKH
VDPH ; DOVR LQWHUWZLQHV $ WR WKH FRLVRPHWU\ 9 e� )URP QRZ RQ VXSSRVH +  . � )RU HYHU\
SDLU RI RSHUDWRUV $�% � %�+�� FRQVLGHU WKH WUDQVIRUPHU r$�%�%�+�� %�+�� GHpQHG E\

r$�%�;�  $; b;%

IRU HYHU\ ; � %�+�� ZKLFK LV FDOOHG WKH JHQHUDOL]HG GHULYDWLRQ� %\ WDNLQJ WKH DGMRLQW
LQ ERWK VLGHV RI WKH GHpQLWLRQ RI SURSHUW\ 3)�r�� LW IROORZV WKDW� IRU WKH SDUWLFXODU FDVH
RI +  . � DQ RSHUDWRU $ KDV SURSHUW\ 3)�r�� RU $ � 3)�r�� LI DQG RQO\ LI� IRU HYHU\
LVRPHWU\ 9 � %�+��

r$�9
� �;�  �  � r$ �

�9 �;�  � �HTXLYDOHQWO\� NHU�r$�9
� � v NHU�r$ �

�9 � ��

ZKLFK FDQ EH ZULWWHQ DV�
rb�
$�9

� ��� v rb�
$
�
�9 ����

)RU HDFK $�% � %�+� FRQVLGHU WKH WUDQVIRUPHU c$�% �%�+�� %�+�� GHpQHG E\

c$�%�;�  $;% b;

IRU HYHU\; � %�+�� ZKLFK LV FDOOHG WKH HOHPHQWDU\ RSHUDWRU� 0RWLYDWHG E\ WKH SUHFHGLQJ
GHpQLWLRQ RQH VD\V WKDW DQ RSHUDWRU $ � %�+� VDWLVpHV WKH 3XWQDP^)XJOHGH SURSHUW\ c
�SURSHUW\ 3)�c�� IRU VKRUW�� RU $ � 3)�c�� LI

c$�9
� �;�  �  � c$

�
�9 �;�  � �HTXLYDOHQWO\� NHU�c$�9

� � v NHU�c$
�
�9 � ��
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IRU HYHU\ LVRPHWU\ 9 � %�+�� ZKLFK DJDLQ FDQ EH ZULWWHQ DV�

cb�
$�9

� ��� v cb�
$
�
�9 ����

7KH FODVVLFDO 3XWQDP^)XJOHGH FRPPXWDWLYLW\ WKHRUHP PRWLYDWHV WKH DERYH QRWLRQV RI
3URSHUWLHV 3)�r� DQG 3)�c�� ,QGHHG� UHFDOO IURP WKH FODVVLFDO 3XWQDP^)XJOHGH FRPPX�
WDWLYLW\ WKHRUHP >��� S���@ WKDW LI $�% DUH QRUPDO� WKHQ rb�

$�%��� v rb�
$
�
�%

� ���� $ VLPLODU

UHVXOW KROGV IRU c$�% � LI $�% DUH QRUPDO� WKHQ cb�
$�%��� v cb�

$
�
�%

� ���� 7KLV V\PPHWULF
YHUVLRQ RI WKH 3XWQDP^)XJOHGH FRPPXWDWLYLW\ WKHRUHP KDV DQ DV\PPHWULF YHUVLRQ YDOLG
IRU FODVVHV RI +LOEHUW VSDFH RSHUDWRUV PRUH JHQHUDO WKDQ WKH FODVV RI QRUPDO RSHUDWRUV�
7KXV� >��@� LI $ LV GRPLQDQW DQG %e LV K\SRQRUPDO �L�H�� LI % LV FRK\SRQRUPDO�� WKHQ
rb�
$�%��� v rb�

$
�
�%

� ����

$ RSHUDWRU $ � %�+� LV D FRQWUDFWLRQ LI N$N x �� (YHU\ FRQWUDFWLRQ FDQ EH GHFRP�
SRVHG LQWR D GLUHFW VXP $  8 j &� ZKHUH 8 LV WKH XQLWDU\ SDUW RI $ DQG & LV WKH
FRPSOHWHO\ QRQ�XQLWDU\ �VKRUWHQHG� KHQFHIRUWK� WR FQX� SDUW RI $ �L�H�� & KDV QR XQL�
WDU\ SDUW LWVHOI�� $ FRQWUDFWLRQ & LV RI FODVV &c� LI LWV DGMRLQW LV VWURQJO\ VWDEOH �L�H�� LI
N&eQ[N � � IRU HYHU\ [ � +�� 3URSHUW\ 3)�r� JLYHV ULVH WR D FKDUDFWHUL]DWLRQ RI FRQWUDF�
WLRQV $ ZLWK &c� FRPSOHWHO\ QRQ�XQLWDU\ SDUW >��� /HPPD �@� $ FRQWUDFWLRQ $ � %�+�
KDV &c� FQX SDUW LI DQG RQO\ LI $ � 3)�r� �VHH DOVR >��� 7KHRUHP �@�� )RU D VXUYH\
DORQJ WKLV OLQH VHH >��@� 6LQFH $ � 3)�r� LI DQG RQO\ LI $ � 3)�c�� ZKHQHYHU $ LV SRZHU
ERXQGHG >��� 7KHRUHP ���@� LW WKHQ IROORZV WKDW� $ FRQWUDFWLRQ $ � %�+� KDV &c� FQX

SDUW LI DQG RQO\ LI $ � 3)�r� ? 3)�c��

�� 3 U RSHU W\ �p�

)RU HYHU\ SRLQW { LQ WKH FRPSOH[ SODQH & OHW 8{ v & GHQRWH DQ DUELWUDU\ RSHQ QHLJK�
ERUKRRG RI {� /HW I GHQRWH DQ DUELWUDU\ +�YDOXHG DQDO\WLF IXQFWLRQ RQ DQ RSHQ VXEVHW RI
&� $Q RSHUDWRU $ � %�+� LV VDLG WR KDYH WKH VLQJOH YDOXHG H[WHQVLRQ SURSHUW\ �69(3� IRU
VKRUW� DW D SRLQW z � & LI IRU HYHU\ 8z v & WKH RQO\ VROXWLRQ I �8z � + WR WKH HTXDWLRQ

�$b y�I�y�  � IRU HYHU\ y � 8z

LV WKH QXOO IXQFWLRQ �I  ��� :H VD\ WKDW $ KDV 69(3 LI $ KDV 69(3 DW HYHU\ z � &�
6LQFH HYHU\ RSHUDWRU $ KDV 69(3 DW HYHU\ SRLQW RI WKH UHVROYHQW VHW ~�7 �  &Q��$�� LW
IROORZV WKDW $ KDV 69(3 LI LW KDV 69(3 DW HYHU\ SRLQW RI WKH VSHFWUXP ��$�� 7KH ORFDO
UHVROYHQW VHW RI DQ RSHUDWRU $ � %�+� DW D YHFWRU [ � + LV WKH VHW

~$�[�  
j

z � &� �$b y�I�y�  [ IRU HYHU\ y � 8z IRU VRPH I �8z � +
k

�

WKDW LV� ~$�[� LV WKH XQLRQ RI DOO RSHQ VXEVHWV 8 RI & IRU ZKLFK WKHUH LV DQ DQDO\WLF
IXQFWLRQ I �8 � + ZKLFK VDWLVpHV �$b y�I�y�  [ IRU DOO y � 8 � WKH ORFDO VSHFWUXP
�$�[� RI $ DW [ LV WKHQ WKH FRPSOHPHQW RI ORFDO UHVROYHQW VHW� �$�[�  &Q~$�[� �VHH�
H�J�� >�@�� 7DNH DQ DUELWUDU\ FORVHG VXEVHW ) RI &� &RQVLGHU WKH �QRW QHFHVVDULO\ FORVHG�
OLQHDU PDQLIROG RI +�

;$�) �  
j

[ � +� �$�[� v )
k

 
j

[ � +� 8)  &Q) v ~$�[�
k

�

FDOOHG WKH ORFDO �DQDO\WLF� VSHFWUDO VXEVSDFH RI $ DVVRFLDWHG WR ) � DQG VHW

; $�) �  
j

[ � +� �$b y�I�y�  [ IRU HYHU\ y � 8)  &Q) IRU VRPH I �8) � +
k

�

FDOOHG WKH JORFDO �DQDO\WLF� VSHFWUDO VXEVSDFH RI $ DVVRFLDWHG WR ) �JORFDO EHFDXVH WKH
DQDO\WLF IXQFWLRQ LQ LWV GHpQLWLRQ LV JOREDOO\ GHpQHG EXW GHSHQGDQW RQ HDFK [ � +�� ZKLFK
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LV D K\SHULQYDULDQW OLQHDU PDQLIROG RI $ VXFK WKDW ; $�) � v ;$�) �� 7KH RSHUDWRU $ KDV
69(3 SUHFLVHO\ ZKHQ ; $�) �  ;$�) � IRU HYHU\ FORVHG VHW ) v & >��� 3URSRVLWLRQ �@
_ DOVR VHH >��� S����@� $Q RSHUDWRU $ � %�+� LV VDLG WR VDWLVI\ �'XQIRUG
V� FRQGLWLRQ
�&� LI ;$�) � LV FORVHG IRU HYHU\ FORVHG VHW ) v & �FI� >��� S������ ;9,��@�� ,I +  
; $�8��� ; $�8�� IRU HYHU\ RSHQ FRYHULQJ I8�� 8�J RI &� WKHQ $ LV VDLG WR VDWLVI\ SURSHUW\
�r� �RU KDV WKH GHFRPSRVLWLRQ SURSHUW\ �r��� 7KH RSHUDWRU $ LV GHFRPSRVDEOH LI $ KDV
SURSHUW\ �r� DQG ; $�) � LV FORVHG IRU HYHU\ FORVHG VHW ) v &� ,Q IDFW� DQ RSHUDWRU LV
GHFRPSRVDEOH LI DQG RQO\ LI LW KDV ERWK SURSHUW\ �r� DQG FRQGLWLRQ �&� >�� 3URSRVLWLRQ
�����@� /HW $�8�+� GHQRWH WKH FROOHFWLRQ RI DOO +�YDOXHG DQDO\WLF IXQFWLRQV GHpQHG RQ
DQ RSHQ VXEVHW 8 RI &� $Q RSHUDWRU $ � %�+� KDV �%LVKRS
V� SURSHUW\ �p� LI� IRU HYHU\
RSHQ VHW 8 v &� WKH PDS

b

$b �c�
c

I�c��$�8�+�� + LV LQMHFWLYH DQG KDV FORVHG UDQJH�

(TXLYDOHQWO\� DQ RSHUDWRU$ � %�+� VDWLVpHV SURSHUW\ �p� LI� IRU HYHU\ RSHQ VHW 8 v & DQG
HYHU\ VHTXHQFH IIQJ RI IXQFWLRQV LQ$�8�+�� FRQYHUJHQFH RI WKH VHTXHQFH

jb

$b �c�
c

IQ�c�
k

WR � LQ $�8�+�� LPSOLHV FRQYHUJHQFH WR ]HUR LQ $�8�+� IRU WKH VHTXHQFH IIQJ� ,Q RWKHU
ZRUGV� $ � %�+� VDWLVpHV SURSHUW\ �p� LI� IRU HYHU\ RSHQ VHW 8 � & DQG HYHU\ VHTXHQFH
RI DQDO\WLF IXQFWLRQV IQ � 8 � + VXFK WKDW

b

$b �c�
c

IQ�c�� � DV Q � �

ORFDOO\ XQLIRUPO\ RQ 8 �L�H�� XQLIRUPO\ RQ FRPSDFW VXEVHWV RI 8�� WKHQ IQ�c�� � DV
Q � � ORFDOO\ XQLIRUPO\ RQ 8 >�� 'HpQLWLRQ �@ _ DFWXDOO\� WKH RULJLQDO GHpQLWLRQ LQ >�@
ZDV VOLJKWO\ GLoHUHQW EXW HTXLYDOHQW�� 3URSHUWLHV �p� DQG �r� DUH GXDO RI HDFK RWKHU >��
7KHRUHPV �� DQG ��@� $ VDWLVpHV SURSHUW\ �p� LI DQG RQO\ LI $e VDWLVpHV SURSHUW\ �r��
3URSHUW\ �p� LPSOLHV FRQGLWLRQ �&�� ZKLFK LQ WXUQ LPSOLHV 69(3 >��� 3URSRVLWLRQ ���@�

SURSHUW\ �p� v FRQGLWLRQ �&� v 69(3�

+RZHYHU� FRQGLWLRQ �&� GRHV QRW LPSO\ SURSHUW\ �p� >��@� /HW �$3 �$�  Iy � &� $b y
LV QRW ERXQGHG EHORZJ v ��$� EH WKH DSSUR[LPDWH SRLQW VSHFWUXP RI $� ,I $ VDWLVpHV
SURSHUW\ �r�� WKHQ �$3 �$�  ��$� >��� &RUROODU\ ���@� $FFRUGLQJ WR WKH DERYH PHQWLRQHG
GXDOLW\� LI $e VDWLVpHV �%LVKRS
V� SURSHUW\ �p�� WKHQ �$3 �$�  ��$��

�� :KHQ &RQGLWLRQ � & � v 3 )� r � ? 3 )� c �

7DNH DQ DUELWUDU\ $ � %�+�� 7KH RSHUDWRU $ LV QRUPDORLG LI LWV QRUP FRLQFLGHV ZLWK
LWV VSHFWUDO UDGLXV� N$N  U�$�� DQG $ LV KHUHGLWDULO\ QRUPDORLG LI HYHU\ SDUW RI $ LV
QRUPDORLG� $Q RSHUDWRU $ �QRW QHFHVVDULO\ D FRQWUDFWLRQ� LV RI FODVV & �c LI LQIQy� N$

Q[N  
� IRU HYHU\ [ � +� RI FODVV & �c LI LQIQy� N$

Q[N ! � IRU HYHU\ � � [ � +� RI FODVV & c� LI $
e

LV RI FODVV & �c� DQG RI FODVV & c� LI $
e LV RI FODVV & �c� $Q RSHUDWRU $ LV VDLG WR EH RI FODVV

& op LI $ LV RI FODVV & oc ? & cp IRU DQ\ FRPELQDWLRQ o� p  �� �� :H VD\ WKDW D SDUW $M0
RI $ LV FRQWUDFWLYH LI $M0 LV D FRQWUDFWLRQ� DQG WKDW D FRQWUDFWLYH SDUW $M0 RI $ KDV D
&c� FRPSOHWHO\ QRQXQLWDU\ SDUW �L�H�� D &c� FQX SDUW�� LI WKH FQX SDUW RI WKH FRQWUDFWLRQ
$M0 LV RI FODVV & c� �L�H�� LI WKH FQX SDUW RI $M0 LV D & c��FRQWUDFWLRQ�� :H VKDOO QHHG WKH
IROORZLQJ UHVXOWV�

/HPPD ��� /HW $ � %�+� EH D FRQWUDFWLRQ� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� $ KDV D & c� FQX SDUW�

�E� $ � 3)�r��

�F� $ � 3)�c��

7KXV� D FRQWUDFWLRQ $ � %�+� KDV D & c� FQX SDUW LI DQG RQO\ LI $ � 3)�r� ? 3)�c��
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3URRI� $ FRQWUDFWLRQ $ KDV D & c� FQX SDUW LI DQG RQO\ LI $ � 3)�r� >��� 7KHRUHP �@� DQG D
SRZHU ERXQGHG RSHUDWRU $ LV LQ 3)�r� LI DQG RQO\ LI LW LV LQ 3)�c� >��� 7KHRUHP ���@�

&RQWUDFWLRQV EHORQJLQJ WR D VXEFODVV 6 RI %�+� PD\ SRVVHVV SURSHUW\ 3)�r� ZLWKRXW
RSHUDWRUV �QRW QHFHVVDULO\ FRQWUDFWLRQ RSHUDWRUV� LQ 6 SRVVHVVLQJ SURSHUW\ 3)�r�� 7KXV
SDUDQRUPDO FRQWUDFWLRQV �L�H�� FRQWUDFWLRQV $ � %�+� VXFK WKDW N$[N� x N$�[N IRU DOO
XQLW YHFWRUV [ � +� KDYH & c� FQX SDUW >��� ��� ��� ��@� DQG VR EHORQJ WR 3)�r� E\ WKH
DERYH OHPPD� )RU D JHQHUDO �QRW D FRQWUDFWLRQ� SDUDQRUPDO RSHUDWRU $ � %�+�� LI RQH
DVVXPHV WKDW � LV D QRUPDO HLJHQYDOXH RI $ �L�H�� LI NHU�$� v NHU�$e��� WKHQ D QHFHVVDU\
DQG VXrFLHQW FRQGLWLRQ IRU $ � 3)�r� LV WKDW WKH XQLWDU\ VXEVSDFHV RI $ UHGXFH $ >��@�
8QOLNH WKH UHVXOW LQ WKH SUHFHGLQJ OHPPD� WKH IROORZLQJ UHVXOW GRHV QRW UHTXLUH WKDW $ LV
SRZHU ERXQGHG �L�H�� LW GRHV QRW UHTXLUH WKDW VXSQy� N$

QN � ���

/HPPD ��� )RU HYHU\ RSHUDWRU $ � %�+�� LI $ � 3)�r�� WKHQ $ � 3)�c��

3URRI� 6HH >��@�

/HPPD ��� ,I ; � rb�
$�%��� ? rb�

$
�
�%

� ��� IRU VRPH $�% � %�+�� WKHQ UDQ ; UHGXFHV $�

NHU;" UHGXFHV %� DQG $MUDQ ; DQG %MNHU;
� DUH XQLWDULO\ HTXLYDOHQW QRUPDO RSHUDWRUV�

3URRI� 7KLV LV D ZHOO NQRZQ FRQVHTXHQFH RI WKH RULJLQDO 3XWQDP^)XJOHGH 7KHRUHP� ZKHUH
WKH QRUPDOLW\ DVVXPSWLRQ LV UHSODFHG ZLWK WKH FRQGLWLRQ ; � rb�

$�%��� ? rb�
$
�
�%

� ���� ZKLFK
DOZD\V KDSSHQV XQGHU QRUPDOLW\ DVVXPSWLRQ E\ WKH 3XWQDP^)XJOHGH 7KHRUHP� DQG LV
LQGHHG HQRXJK WR FRPSOHWH WKH SURRI� 6HH H�J�� >��� &RUROODU\ ����@�

7KH IROORZLQJ WKHRUHP LV RXU PDLQ UHVXOW�

7KHRUHP ��� ,I DQ RSHUDWRU $ � %�+� LV VXFK WKDW

�L� $ LV KHUHGLWDULO\ QRUPDORLG�

�LL� WKH FRQWUDFWLYH SDUWV RI $ KDYH D & c� FQX SDUW�

�LLL� $ VDWLVpHV �'XQIRUG
V� FRQGLWLRQ �&��

WKHQ $ � 3)�r� ? 3)�c��

3URRI� ,Q YLHZ RI /HPPD ��� LW ZRXOG VXrFH WR SURYH WKDW $ � 3)�r�� /HW ; � rb�
$�9

� ����
ZKHUH 9 � %�+� LV DQ LVRPHWU\� 'HFRPSRVH $ LQWR LWV QRUPDO DQG SXUH �L�H�� FRPSOHWHO\
QRQQRUPDO� SDUWV� $  $Q j$S � %�+Q j+S�� DQG 9 LQWR LWV XQLWDU\ DQG FQX �L�H��
LQWR LWV XQLWDU\ DQG XQLODWHUDO VKLIW� SDUWV 9  9X j 9F � %�+X j+F�� DQG OHW WKH
WUDQVIRUPDWLRQ ;�+X j+F � +Q j+S KDYH WKH FRUUHVSRQGLQJ PDWUL[ UHSUHVHQWDWLRQ
;  >;LM @

�
L�M  �� $SSO\LQJ WKH 3XWQDP^)XJOHGH 7KHRUHP IRU QRUPDO $Q DQG XQLWDU\

9X� LW WKHQ IROORZV WKDW $Q;�� b;��9
e
X  � LPSOLHV $

e
Q;�� b;��9X  �� &RQVLGHULQJ

WKH HTXDWLRQ $Q;�� b;��9
e
F  �� WKH 3XWQDP^)XJOHGH 7KHRUHP IRU QRUPDO $Q DQG

FRK\SRQRUPDO 9 e
F >��@ LPSOLHV WKDW $e

Q;�� b;��9F  � DOVR� 6XSSRVH ;�� � �� 7KHQ
/HPPD ��� LPSOLHV WKDW 9FMNHU; ���

� LV XQLWDU\ �DQG XQLWDULO\ HTXLYDOHQW WR $QMUDQ ; ���
��

6LQFH WKLV FRQWUDGLFWV WKH IDFW WKDW 9F LV FQX� LW IROORZV WKDW ;��  �� 7KLV OHDYHV XV ZLWK
WKH HTXDWLRQV

$S;�� b;��9
e
X  � DQG $S;�� b;��9

e
F  ��

6XSSRVH;�� � �� DQG FRQVLGHU WKH IROORZLQJ UHVWULFWLRQV� $S�  $SMUDQ ; ���
LQ%�UDQ ;����

9X�  9XMNHU; ���
� LQ %�NHU;��

"�� DQG <  ;��MNHU; ���
� � NHU;��

"� UDQ ;��� ZKLFK LV D

TXDVLDrQLW\ LQ %�NHU;��
"� UDQ ;��� �L�H� <  ;��MNHU; ���

� LV LQMHFWLYH ZLWK GHQVH UDQJH��
2EVHUYH WKDW 9X�  9XMNHU; ���

� LV XQLWDU\� DQG WKDW

;�� � rb�
$ � �9

�
� ���  � < � rb�

$ �	� �9
�
� �
����



%�3� 'XJJDO DQG &�6� .XEUXVO\ 3) DQG �p� 3URSHUWLHV �

ZKHUH WKH XQLWDU\ RSHUDWRU 9 e
X� VDWLVpHV �GHFRPSRVLWLRQ� SURSHUW\ �r� DQG $S� VDWLVpHV

�'XQIRUG
V� FRQGLWLRQ �&�� DFFRUGLQJ WR DVVXPSWLRQ �LLL�� �5HFDOO WKDW FRQGLWLRQ �&� LV
LQKHULWHG E\ UHVWULFWLRQV WR �FORVHG� LQYDULDQW VXEVSDFHV >��� 3URSRVLWLRQ ������@�� $SSO\�
LQJ >��� 3URSRVLWLRQ ������@ ZH FRQFOXGH WKDW WKH VSHFWUXP ��$S��  ��9 e

X�� LV FRQWDLQHG
LQ WKH ERXQGDU\ RI WKH XQLW GLVF LQ WKH FRPSOH[ SODQH� VR WKDW $S� KDV D XQLW VSHFWUDO
UDGLXV� U�$S��  �� $VVXPLQJ� DV ZH GLG LQ �L�� WKDW $ LV KHUHGLWDULO\ QRUPDORLG� $S�

LV QRUPDORLG� &RQVHTXHQWO\� $S� LV D FRQWUDFWLRQ� 6LQFH FRQWUDFWLYH SDUWV RI $ KDYH & c�
FQX SDUWV E\ K\SRWKHVLV �LL�� LW IROORZV WKDW $S� � & c�� 1RZ DSSO\ /HPPD ��� WR FRQ�
FOXGH < � rb�

$ �	� �9
�
� �
��� ? rb�

$
�
�	� �9 � �

���� DQG WKHQ /HPPD ��� WR FRQFOXGH $S�  $S�MUDQ <

DQG 9 e
X�  9 e

X�MNHU<
� DUH XQLWDULO\ HTXLYDOHQW QRUPDO �WKHUHIRUH� XQLWDU\ DQG KHQFH &���

RSHUDWRUV� 7KLV LV D FRQWUDGLFWLRQ� +HQFH ;��  � �DQG VR DOVR <  ��� 1H[W ZH SURYH
WKDW ;��  �� ,I ;�� � �� WKHQ OHWWLQJ $S�  $SMUDQ ; �
�

� 9F�  9FMNHU; �
�
� DQG OHWWLQJ

=  ;��MNHU; ���
� � NHU;��

"� UDQ ;�� EH WKH UHVWULFWLRQ RI ;�� WR NHU;��
"� ZH KDYH� DV

EHIRUH� WKDW = � rb�
$ ��� �9

�

 �
���� $UJXLQJ DV DERYH� E\ XVLQJ DVVXPSWLRQV �L�� �LL� DQG �LLL�� LW

LV VHHQ WKDW $S� LV D FRQWUDFWLRQ ZLWK D & c� FQX SDUW� DQG $S� LV XQLWDULO\ HTXLYDOHQW WR
WKH XQLWDU\ 9 e

F� �DQG VR LW PXVW EH RI FODVV & ���� ZKLFK LV DQRWKHU FRQWUDGLFWLRQ� +HQFH
;��  �� 7KHUHIRUH� ;  ;�� j �� DQG VR

�$Q j$S��;�� j ��b �;�� j ���9
e
X j 9 e

F �  �

DQG
�$e

Q j$e
S� �;�� j ��b �;�� j �� �9X j 9F�  ��

ZKLFK FRPSOHWHV WKH SURRI�

5HPDUN ��� 5HFDOO WKDW $ � %�+� LV N�SDUDQRUPDO �RU N�e�SDUDQRUPDO� IRU VRPH LQWH�
JHU N y � LI N$[NN � � x N$N � �[MN N[NN �RU N$e[NN � � x N$N � �[NM[NN� IRU HYHU\ [ � +�
(YHU\ N�e�SDUDQRUPDO RSHUDWRU LV �N����SDUDQRUPDO� DQG N�SDUDQRUPDO RSHUDWRUV VDWLVI\
WKH SURSHUWLHV WKDW� �D� 7KH\ DUH QRUPDORLG� �E� HYHU\ SDUW RI D N�SDUDQRUPDO RSHUD�
WRU LV DJDLQ N�SDUDQRUPDO� �F� N�SDUDQRUPDO FRQWUDFWLRQV KDYH & c� FQX SDUWV� DQG �G� LI
$;  ;9 e IRU D N�SDUDQRUPDO RSHUDWRU $ DQG XQLWDU\ 9 � WKHQ �IN;9 Q[NJ LV D FRQVWDQW
VHTXHQFH IRU HYHU\ [ � +� KHQFH� N$;[N  N;[N IRU HYHU\ [ � + >��� ��@� 7KXV� LI $
LV N�SDUDQRUPDO RU N�e�SDUDQRUPDO DQG $S�< b < 9 e

X�  � IRU VRPH TXDVLDrQLW\ < DQG
XQLWDU\ 9X�� WKHQ $S� LV LVRPHWULF �DQG WKLV IRUFHV <  ��� $JDLQ� LI $ LV N�e�SDUDQRUPDO�
WKHQ � LV D QRUPDO HLJHQYDOXH RI $ �L�H�� LI � LV LQ SRLQW VSHFWUXP �S�$� RI $� WKHQ WKH
HLJHQVSDFH FRUUHVSRQGLQJ WR � LV UHGXFLQJ�� 7KLV� VLQFH � � �S�9

e
F�� IRU D XQLODWHUDO VKLIW

9F�� LPSOLHV WKDW WKHUH LV QR TXDVLDrQLW\ = VXFK WKDW $S�= b =9 e
F�  � IRU VRPH SXUH

N�e�SDUDQRUPDO RSHUDWRU $S� DQG XQLODWHUDO VKLIW 9F�� $ VLPLODU DUJXPHQW GRHV QRW ZRUN
IRU N�SDUDQRUPDO RSHUDWRUV $ IRU WKH UHDVRQ WKDW $b���� �v $eb�����

�� 3 DU DQRU PDO 2SHU DWRU V �� &RQGLWLRQ �&�

+\SRQRUPDO RSHUDWRUV $ � %�+�� $$e x $e$� DQG S�K\SRQRUPDO RSHUDWRUV $ � %�+��
�$$e�S x �$e$�S� � � S x �� DUH ZHOO NQRZQ WR EH KHUHGLWDULO\ QRUPDORLG DQG WR VDWLVI\
�%LVKRS
V� SURSHUW\ �p�� �5HFDOO� 3URSHUW\ �p� LPSOLHV FRQGLWLRQ �&��� )XUWKHUPRUH�
WKH\ KDYH & c� FQX FRQWUDFWLYH SDUWV >��� ��� ��@� +HQFH K\SRQRUPDO DQG S�K\SRQRUPDO
RSHUDWRUV $ � 3)�r� ? 3)�c�� 0 �K\SRQRUPDO RSHUDWRUV $ � %�+� �L�H�� RSHUDWRU $ IRU
ZKLFK WKHUH H[LVWV D UHDO 0 ! � VXFK WKDW M�$b y,�eM� x 0 M$b y,M� IRU DOO FRPSOH[
y� DUH QRW QRUPDORLG EXW VDWLVI\ WKH RWKHU WZR SURSHUWLHV DERYH� 'RPLQDQW RSHUDWRUV
$ � %�+� �L�H�� RSHUDWRUV $ VXFK WKDW IRU HYHU\ FRPSOH[ y WKHUH H[LVWV D VFDODU 0y ! �
VXFK WKDW M�$b y,�eM� x 0yM$b y,M�� KDYH & c� FQX SDUWV DQG DUH NQRZQ QRW WR EH
QRUPDORLG� LW LV QRW NQRZQ LI GRPLQDQW RSHUDWRUV VDWLVI\ FRQGLWLRQ �&�� &OHDUO\� 0 �
K\SRQRUPDO RSHUDWRUV DUH GRPLQDQW RSHUDWRUV� DQG LW LV NQRZQ WKDW GRPLQDQW RSHUDWRUV
$ � 3)�r� >��@� +HQFH $ � 3)�r� ? 3)�c� IRU 0 �K\SRQRUPDO RU GRPLQDQW RSHUDWRUV $�
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)RU DQ RSHUDWRU $ � %�+� ZLWK SRODU GHFRPSRVLWLRQ $  8 M$M� OHW a$  M$M
�
� 8 M$M

�
� LQ

%�+� GHQRWH WKH �pUVW� $OXWKJH WUDQVIRUP RI $� $ � %�+� LV VDLG WR EH D Z�K\SRQRUPDO
RSHUDWRU LI M a$eM x M$M x M a$M� (YHU\ Z�K\SRQRUPDO RSHUDWRU LV SDUDQRUPDO >�@� KHQFH
KHUHGLWDULO\ QRUPDORLG ZLWK & c� FQX FRQWUDFWLYH SDUWV� )XUWKHUPRUH� Z�K\SRQRUPDO RS�
HUDWRUV VDWLVI\ SURSHUW\ �p� >�@� +HQFH Z�K\SRQRUPDO RSHUDWRUV VDWLVI\ WKH 3)�SURSHUW\�

6XPPDUL]LQJ WKH DERYH� ZH KDYH WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� ,I $ � %�+� LV HLWKHU S�K\SRQRUPDO �� � S x �� RU GRPLQDQW RU Z�

K\SRQRUPDO RU N�e�SDUDQRUPDO �IRU VRPH LQWHJHU N y ��� WKHQ $ � 3)�r� ? 3)�c��

3URSRVLWLRQ ��� IDLOV IRU N�SDUDQRUPDO RSHUDWRUV� 7KXV OHW + EH D +LOEHUW VSDFH
ZLWK RUWKRQRUPDO EDVLV IHQJQ� = > IIQJQ� 1� DQG OHW $ � %�+� EH WKH RSHUDWRU VXFK WKDW
$�HQ�  HQ� � IRU DOO LQWHJHUV Q � = DQG $�IQ�  [QHQ�\QHQ� � IRU Q � 1� ZKHUH WKH UHDO
ERXQGHG VHTXHQFHV I[QJ DQG I\QJ VDWLVI\ [Q  \Q[Q� � DQG \Q� �  �[

�
Q � � � ��\Q IRU DOO

Q � 1� 7KHQ $ LV D SDUDQRUPDO �L�H�� ��SDUDQRUPDO� RSHUDWRU VXFK WKDW $  � 3)�r� >���
([DPSOH ���@� &RPELQLQJ WKLV REVHUYDWLRQ ZLWK 7KHRUHP ��� ZH KDYH WKH QH[W UHVXOW�

&RUROODU\ ��� 3DUDQRUPDO RSHUDWRUV GR QRW QHFHVVDULO\ VDWLVI\ FRQGLWLRQ �&��

3URRI� 6XSSRVH WR WKH FRQWUDU\ WKDW SDUDQRUPDO RSHUDWRUV KDYH FRQGLWLRQ �&�� 7KHQ
WKH QRUPDORLG SURSHUW\ RI SDUDQRUPDO RSHUDWRUV FRXSOHG ZLWK WKH IDFWV WKDW SDUWV RI D
SDUDQRUPDO RSHUDWRU DUH SDUDQRUPDO DQG D FQX SDUDQRUPDO FRQWUDFWLRQ LV RI WKH FODVV & c�
LPSOLHV E\ 7KHRUHP ��� WKDW $ � 3)�r� ? 3)�c�� 7KLV LV D FRQWUDGLFWLRQ�

5HFDOO� >��@� WKDW HYHU\ VXEVFDODU %DQDFK VSDFH RSHUDWRU VDWLVpHV SURSHUW\ �p�� 3DUD�
QRUPDO RSHUDWRUV DUH QRW VXEVFDODU� $ SDUDQRUPDO RSHUDWRU $ � %�+� LV VDLG WR EH
WRWDOO\ SDUDQRUPDO LI N�$b y,�[MM� x N�$b y,��[N IRU HYHU\ y � & DQG HYHU\ XQLW YHF�
WRU [ � +� &RQWUDFWLRQV EHORQJLQJ WR D VXEFODVV 6 v %�+� PD\ SRVVHVV SURSHUW\ 3)�r�
ZLWKRXW RSHUDWRUV �QRW QHFHVVDULO\ FRQWUDFWLRQ RSHUDWRUV� LQ 6 SRVVHVVLQJ SURSHUW\ 3)�r��
7KXV SDUDQRUPDO FRQWUDFWLRQV� WKDW LV� FRQWUDFWLRQV $ � %�+� VXFK WKDW N$[N� x N$�[N
IRU HYHU\ XQLW YHFWRU [ � +� KDYH & c� FQX SDUW� DQG VR VDWLVI\ 3)�r� >��� ��� ��� ��@� +RZ�
HYHU� WKHUH H[LVWV D SDUDQRUPDO RSHUDWRU $ � %�+� VXFK WKDW $ GRHV QRW VDWLVI\ SURSHUW\
3)�r� >��� ([DPSOH ���@� $Q H[DPLQDWLRQ RI >��� ([DPSOH ���@ VKRZV WKDW SDUDQRUPDO
RSHUDWRU $ RI WKH H[DPSOH KDV WKH SURSHUW\ WKDW WKH XQLWDU\ VXEVSDFHV �L�H�� FORVHG VXE�
VSDFHV RI WKH RSHUDWRU VXFK WKDW LWV UHVWULFWLRQ WR WKH VXEVSDFH LV XQLWDU\� RI WKH RSHUDWRU
DUH QRW UHGXFLQJ� �,Q JHQHUDO� WKH HLJHQVSDFHV _ PRUH JHQHUDOO\� QRUPDO VXEVSDFHV _ RI
D SDUDQRUPDO RSHUDWRU DUH QRW UHGXFLQJ�� ,I RQH DVVXPHV WKDW � LV D QRUPDO HLJHQYDOXH
�L�H�� LI NHU$ v NHU$e� RI WKH D SDUDQRUPDO RSHUDWRU $� WKHQ D QHFHVVDU\ DQG VXrFLHQW
FRQGLWLRQ IRU $ � 3)�r� LV WKDW WKH XQLWDU\ VXEVSDFHV RI $ UHGXFH $� 7RWDOO\ SDUDQRUPDO
RSHUDWRUV VDWLVI\ FRQGLWLRQ �&� >��@� $V D FRQVHTXHQFH ZH KDYH WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� ,I DQ $ � %�+� LV WRWDOO\ SDUDQRUPDO� WKHQ $ � 3)�r� ? 3)�c��

�� N�TXDVL��3 � RSHU DWRU V

3DJDF] >��� 3URSRVLWLRQ ���@ SURYHV WKDW D FQX �S� N��TXDVLK\SRQRUPDO FRQWUDFWLRQ LV
RI FODVV & c�� +HUH DQ $ � %�+� LV D �S� N��TXDVLK\SRQRUPDO RSHUDWRU IRU VRPH LQWHJHU
N y � DQG D UHDO QXPEHU � � S x � LI $eN�M$M�S b M$eM�S�$N y �� ,W LV FOHDU WKDW� LI D
�S� N��TXDVLK\SRQRUPDO RSHUDWRU KDV GHQVH UDQJH� WKHQ LW LV S�K\SRQRUPDO� 7KH UHVWULF�
WLRQ RI D �S� N��TXDVLK\SRQRUPDO RSHUDWRU WR D FORVHG LQYDULDQW VXEVSDFH LV DJDLQ �S� N��
TXDVLK\SRQRUPDO� DQG HYHU\ �S� N��TXDVLK\SRQRUPDO RSHUDWRU $ � %�+� KDV DQ XSSHU

WULDQJXODU PDWUL[ UHSUHVHQWDWLRQ $  
b

$ � $ �
� $ �

c

LQ %�UDQ $N j$eNb�
���� VXFK WKDW $� LV

S�K\SRQRUPDO DQG $� LV N�QLOSRWHQW >��@� /HW �3� GHQRWH D FODVV RI RSHUDWRUV LQ %�+�
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GHpQHG E\ D SRVLWLYLW\ FRQGLWLRQ� *HQHUDOL]LQJ WKH GHpQLWLRQ RI �S� N��TXDVLK\SRQRUPDO
RSHUDWRUV� ZH VD\ WKDW DQ RSHUDWRU $ LQ �3� LV N�TXDVL��3� IRU VRPH LQWHJHU N y � LI
>��@� �L� (YHU\ UHVWULFWLRQ RI $ WR D FORVHG LQYDULDQW VXEVSDFH LV DJDLQ N�TXDVL��3�� �LL�
$ KDV GHQVH UDQJH LPSOLHV $ LV LQ �3�� �LLL� $ KDV DQ XSSHU WULDQJXODU PDWUL[ UHSUH�

VHQWDWLRQ $  
b

$ � $ �
� $ �

c

ZLWK UHVSHFW WR VRPH GHFRPSRVLWLRQ +  +� j+� RI + VXFK

WKDW $� � �3�?%�+�� DQG $� � %�+�� LV N�QLOSRWHQW� ,I FRQWUDFWLRQV LQ �3� VDWLVI\ WKH
3)�SURSHUW\� WKHQ DOVR N�TXDVL��3� FRQWUDFWLRQV VDWLVI\ WKH 3)�SURSHUW\ �

3URSRVLWLRQ ��� 7KH N�TXDVL��3� FRQWUDFWLRQ $ � %�+� KDV & c� FQX SDUW LI DQG RQO\

LI �WKH FRQWUDFWLRQ� $� � %�+�� KDV & c� FQX SDUW�

3URRI� ,I ZH OHW 6  rN$ � �b$ � �$��� WKHQ

$Q� N  

v

$Q� N
� $Q

�6
� �

w

DQG

N$e
�
Q�$e

�
N�[N x N$eQ� N�[j \�M x �N$e

�
NN� N6eN�N$e

�
Q[N x �� � �N�N$e

�
Q[N

IRU HYHU\ [j \ � +� j+�� 7KH SURRI IROORZV�

7KH IROORZLQJ FRUROODU\ LV LPPHGLDWH IURP 3URSRVLWLRQ ����

&RUROODU\ ��� 7KH N�TXDVL��3� FRQWUDFWLRQ $ � %�+� VDWLVpHV WKH 3)�SURSHUW\ LI DQG

RQO\ LI WKH FRQWUDFWLRQ $� � �3� ?%�+�� VDWLVpHV WKH 3)�SURSHUW\�

,W LV ZHOO NQRZQ WKDW WKH RSHUDWRU $  $� j$� � %�+� j+�� KDV 69(3 LI DQG

RQO\ LI $� DQG $� KDYH 69(3� 69(3 IRU $� DQG $� LPSOLHV 69(3 IRU $  
b

$ � $ �
� $ �

c

LQ

%�+� j+��� DQG WKHQ ��$�  ��$�� > ��$��� &RQVLGHULQJ WKH RSHUDWRU $  $� j$�

LQ %�+� j+�� DQG D FORVHG VXEVHW n RI WKH FRPSOH[ SODQH� LI $ KDV 69(3 WKHQ WKH ORFDO
VSHFWUDO VXEVSDFH ;$�n� VDWLVpHV

;$�n�  ;$�n ? ��$��  ;$�In ? ��$��J > In ? ��$��J�

 ;$ � �n ? ��$����j;$ � �n ? ��$���  ;$ � �n�j;$ � �n��

7KXV ;$�n�� LV FORVHG LI DQG RQO\ LI ;$ � �n� LV FORVHG IRU L  �� �� (TXLYDOHQWO\� $ VDWLVpHV
FRQGLWLRQ �&� LI DQG RQO\ LI $L VDWLVI\ FRQGLWLRQ �&� IRU L  �� �� (YLGHQWO\� QLOSRWHQW
RSHUDWRUV VDWLVI\ FRQGLWLRQ �&��

/HPPD ��� ,I D N�TXDVL��3� RSHUDWRU $ � %�+� VDWLVpHV FRQGLWLRQ �&�� WKHQ $� � �3�
VDWLVpHV FRQGLWLRQ �&�� &RQYHUVHO\� LI $� � �3� VDWLVpHV FRQGLWLRQ �&� DQG ]NM��$� LV

LQMHFWLYH� WKHQ $ �N�TXDVL��3� VDWLVpHV FRQGLWLRQ �&��

3URRI� 7KDW $� VDWLVpHV FRQGLWLRQ �&� LV LPPHGLDWH IURP WKH IDFW WKDW LI $ VDWLVpHV
FRQGLWLRQ �&�� WKHQ VR GRHV LWV UHVWULFWLRQ WR DQ LQYDULDQW VXEVSDFH� &RQYHUVHO\� VXSSRVH
WKDW $� VDWLVpHV FRQGLWLRQ �&�� 5HFDOO IURP >�� &RUROODU\ ���@ WKDW LI 5 DQG 6 DUH %DQDFK
VSDFH RSHUDWRUV VXFK WKDW 56 DQG 65 DUH ZHOO GHpQHG� WKHQ 56 VDWLVpHV FRQGLWLRQ �&�
LI DQG RQO\ LI 65 VDWLVpHV FRQGLWLRQ �&�� 6LQFH
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VDWLVpHV FRQGLWLRQ �&� LI DQG RQO\ LI
b

$
�
� �

� �

c

VDWLVpHV FRQGLWLRQ �&�� 7KXV� $N VDWLVpHV

FRQGLWLRQ �&�� 7KH K\SRWKHVLV WKDW WKH SRO\QRPLDO ]N LV LQMHFWLYH RQ ��$� QRZ LPSOLHV
WKDW $ VDWLVpHV FRQGLWLRQ �&� >��� 5HPDUN ������@�

,W LV ZHOO NQRZQ WKDW S�K\SRQRUPDO RSHUDWRUV �� � S x ��� 0 �K\SRQRUPDO RSHUDWRUV
DQG Z�K\SRQRUPDO RSHUDWRUV VDWLVI\ SURSHUW\ �p�� DQG KHQFH DOVR FRQGLWLRQ �&�� 7KXV� N�
TXDVL�S�K\SRQRUPDO RSHUDWRUV �HTXLYDOHQWO\� �S� N��TXDVLK\SRQRUPDO RSHUDWRUV�� N�TXDVL�
0 �K\SRQRUPDO RSHUDWRUV DQG N�TXDVL�Z�K\SRQRUPDO RSHUDWRUV VDWLVI\ FRQGLWLRQ �&� �LQ�
GHHG� SURSHUW\ �p��� 0 K\SRQRUPDO RSHUDWRUV DUH QRW QRUPDORLG� LI $ GRHV QRW KDYH D
GHQVH UDQJH� WKHQ WKH RSHUDWRUV EHORQJLQJ WR QHLWKHU RI WKH FODVVHV N�TXDVL�S�K\SRQRUPDO
DQG N�TXDVL�Z�K\SRQRUPDO DUH QRUPDORLG� 1HYHUWKHOHVV ZH KDYH WKH IROORZLQJ� /HW �3��
GHQRWH WKH FODVV RI RSHUDWRUV $ � %�+� ZKLFK DUH S�K\SRQRUPDO RU Z�K\SRQRUPDO RU
0 �K\SRQRUPDO RU GRPLQDQW�

7KHRUHP ��� 2SHUDWRUV $ � N�TXDVL �3�� VDWLVI\ WKH 3)�SURSHUW\�

3URRI� ,I ZH GHFRPSRVH $ LQWR LWV QRUPDO DQG SXUH SDUWV� 9 LQWR LWV XQLWDU\ DQG FQX SDUWV�
DQG OHW ; � rb�

$�9 � ��� KDYH WKH �FRUUHVSRQGLQJ� PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @
�
L�M  ��

WKHQ WKH DUJXPHQW RI WKH SURRI RI 7KHRUHP ��� VKRZV WKDW

$e
Q;�� b;��9X  � DQG ;��  ��

)XUWKHUPRUH� LQ WKH QRWDWLRQ RI WKH SURRI RI 7KHRUHP ����

$S�< b < 9 e
X�  �  $S�= b =9 e

F��

6LQFH <� = DUH TXDVLDrQLWLHV DQG 9 e
X�� 9

e
F� KDYH GHQVH UDQJH� $S� DQG $S� KDYH GHQVH

UDQJH� %\ K\SRWKHVLV� ERWK $S� DQG $S� DUH N�TXDVL��3�� RSHUDWRUV� KHQFH $SL LQ �3��
IRU L  �� �� $SSO\LQJ 3URSRVLWLRQ ��� LW QRZ IROORZV WKDW <  =  �� KHQFH ;  ;�� j �
DQG ; � rb�

$ � �9 ����

*HQHUDO N�TXDVLSDUDQRUPDO RSHUDWRUV DUH QHLWKHU QRUPDORLG QRU GR WKH\ VDWLVI\ FRQ�
GLWLRQ �&�� WKH\ GR QRW VDWLVI\ WKH 3)�SURSHUW\� ,W LV VWUDLJKWIRUZDUG WR YHULI\ WKDW
$ � %�+� LV e�SDUDQRUPDO LI DQG RQO\ LI $e�$�b�y$$e�y� y � IRU DOO UHDO y� DQG WKHQ
$ � N�TXDVL�e�SDUDQRUPDO LI DQG RQO\ LI $eN�$e�$�b�y$$e � y��$N y �� 7KHRUHP ���
H[WHQGV WR N�TXDVL�e�SDUDQRUPDO RSHUDWRUV� DV IROORZV XSRQ FRPELQLQJ WKH DUJXPHQW RI
WKH SURRI RI 7KHRUHP ��� ZLWK WKH IDFWV �REVHUYHG LQ 5HPDUN ���� WKDW $S� LV LVRPHWULF
DQG � LV D QRUPDO HLJHQYDOXH RI D e�SDUDQRUPDO RSHUDWRU�

�� '\QDPLFV RI SRZHU ERXQGHG RSHU DWRU V LQ 3 )� r �

)RU D %DQDFK VSDFH RSHUDWRU 7 � %� ; � DQG D �QRQWULYLDO� YHFWRU [ � ; � WKH RUELW RI [
XQGHU 7 LV WKH VHW 2UE�7� [�  I[� 7[� 7 �[� ���J� WKH RSHUDWRU 7 LV VXSHUF\FOLF� ZLWK D
VXSHUF\FOLF YHFWRU [� LI WKH VHW RI VFDODU PXOWLSOHV RI WKH HOHPHQWV RI 2UE�7� [� LV GHQVH LQ
; � ,W LV LPPHGLDWH WKDW LI 7 � %� ; � KDV D VXSHUF\FOLF YHFWRU� WKHQ ; LV VHSDUDEOH DQG
7 KDV D GHQVH UDQJH� 5HFDOO IURP >�� 7KHRUHP ���@ WKDW LI 7 � %� ; � LV D SRZHU ERXQGHG
RSHUDWRU �L�H�� LI VXSQ N7

QN � �� ZKLFK LV VXSHUF\FOLF� WKHQ 7 � & �c� :H SURYH EHORZ
WKDW WKLV REVHUYDWLRQ GHVFULEHV LQ D QDWXUDO ZD\ WKH QRQ�VXSHUF\FOLFLW\ RI SRZHU ERXQGHG
RSHUDWRUV LQ $ � %�+� ? 3)�r��

)RU DQ RSHUDWRU $ � %�+�� OHW 6�r$�9 � � GHQRWH WKH VHW

6�r$�9 � �  
j

9 � %�+� � 9 LVRPHWULF� rb�
$�9 � ��� � I�J

k

�
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,W LV WKHQ LPPHGLDWH IURP ; � rb�
$�9 � ��� LPSOLHV ; � rb�

$ � �9 ��� IRU DQ RSHUDWRU $ LQ
%�+� ? 3)�r� WKDW LI 6�r$�9 � � � "� WKHQ $ LV WKH GLUHFW VXP RI D XQLWDU\ RSHUDWRU
DQG D �SRVVLEO\ WULYLDO� RSHUDWRU� ,I WKH RSHUDWRU $ � %�+� ? 3)�r� LV SRZHU ERXQGHG�
WKHQ $  $X j$F� ZKHUH $X LV XQLWDU\ DQG $F LV D �SRVVLEO\ WULYLDO� & c� RSHUDWRU >��@�

7KHRUHP ��� ,I DQ RSHUDWRU $ � %�+� ? 3)�r� LV D SRZHU ERXQGHG RSHUDWRU VXFK WKDW

6�r$�9 � � � "� WKHQ QHLWKHU $ QRU $e LV VXSHUF\FOLF�

3URRI� (YLGHQWO\� $ LV SRZHU ERXQGHG LI DQG RQO\ LI $e LV SRZHU ERXQGHG� ,I $ �UHVS��
$e� LV VXSHUF\FOLF� WKHQ $ � & �c �UHVS�� $ � & c�� DQG VR $ FDQ QRW KDYH D & ��� LQ SDUWLFXODU
D XQLWDU\� SDUW� 7KXV� LI DOVR $ � 3)�r�� WKHQ $ � & �� LI $ LV VXSHUF\FOLF DQG $ � & c� LI
$e LV VXSHUF\FOLF� %XW WKHQ WKH LPSOLFDWLRQ $; b;9 e  �  � $e; b;9  � KROGV
LI DQG RQO\ LI ;  � IRU DOO 9 � %�+�� 7KXV� IRU DQ $ � 3)�r�� $ RU $e LV VXSHUF\FOLF
RQO\ LI 6�r$�9 � �  "� &RQWUDSRVLWLYHO\� IRU DQ $ � 3)�r�� $ DQG $e DUH QRW VXSHUF\FOLF
ZKHQHYHU 6�r$�9 � � � "�

&RQVLGHULQJ FRQWUDFWLRQV $ � %�+� ZKLFK DUH HLWKHU S�K\SRQRUPDO �� � S x �� RU
Z�K\SRQRUPDO RU GRPLQDQW RU SDUDQRUPDO RU e�SDUDQRUPDO� LW LV WULYLDOO\ YHULpHG WKDW
WKH GLUHFW VXP RI $ ZLWK D XQLWDU\ LV DJDLQ D FRQWUDFWLRQ RI WKH VDPH FODVV DV $� 6XFK
FRQWUDFWLRQV $ VDWLVI\ SURSHUW\ 3)�r� >��� ��� ��� ��� ��� ��� ��@� DQG LI $ LV QRW FQX�
WKHQ 6�r$�9 � � � "� +HQFH�

2SHUDWRUV $ � %�+� ZKLFK DUH HLWKHU S�K\SRQRUPDO RU Z�K\SRQRUPDO RU GRPLQDQW

RU SDUDQRUPDO RU e�SDUDQRUPDO IDLO �LQ JHQHUDO� WR EH VXSHUF\FOLF�

,QGHHG PRUH LV WUXH� $Q RSHUDWRU $ � %�+� LV Q�pQLWHO\ VXSHUF\FOLF IRU VRPH LQ�
WHJHU Q y � LI WKHUH LV DQ Q�GLPHQVLRQDO VXEVSDFH 0 RI + VXFK WKDW 2UE�$�0�  
6
j

0�$�0��$��0�� ���
k

LV GHQVH LQ +� 5HFDOO IURP >��@ WKDW Q�VXSHUF\FOLFLW\ GRHV QRW
LPSO\ �Qb ���VXSHUF\FOLFLW\� :H DVVXPH LQ WKH IROORZLQJ WKHRUHP WKDW RXU FRQWUDFWLRQV
$ � %�+� DUH QRQWULYLDO LQ WKH VHQVH WKDW WKHLU XQLWDU\ SDUW �ZKHQHYHU LW H[LVWV� LV QRW
DQ LVRPHWU\ RQ D pQLWH GLPHQVLRQDO VXEVSDFH RI +�

7KHRUHP ��� ,I DQ RSHUDWRU $ � %�+� ? 3)�r� LV D FRQWUDFWLRQ� WKHQ

�L� $ Q�VXSHUF\FOLF LPSOLHV 6�r$�9 � �  "�

�LL� 6�r$�9 � � � " LPSOLHV QHLWKHU RI $ DQG $e LV Q�VXSHUF\FOLF�

3URRI� �L� 'HFRPSRVLQJ $ LQWR LWV XQLWDU\ DQG FQX SDUWV E\ $  $X j$F LW LV VHHQ WKDW
$ Q�VXSHUF\FOLF LPSOLHV $X LV P�VXSHUF\FOLF IRU VRPH P x Q >�� 3URSRVLWLRQ ���@� 6LQFH
QR XQLWDU\ RQ DQ �P����GLPHQVLRQDO +LOEHUW VSDFH FDQ EH P�VXSHUF\FOLF �>��� 7KHRUHP
���@ DQG >�� &RUROODU\ ���@�� ZH PXVW KDYH $  $F� 7KLV LPSOLHV 6�r$�9 � �  "�
�LL� ,I 6�r$�9 � � � "� WKHQ WKH K\SRWKHVLV $ � 3)�r� LPSOLHV WKDW $  $X j$F �ZLWK
UHVSHFW WR VRPH GHFRPSRVLWLRQ +  +X j+F RI +�� ZKHUH $X LV XQLWDU\ DQG $F � & c�
LV FQX� 7ULYLDOO\� WKH VSHFWUXP ��$X� LV D VXEVHW RI #�'�� WKH ERXQGDU\ RI WKH XQLW
GLVF LQ WKH FRPSOH[ SODQH� 7KH RSHUDWRU $F EHLQJ D FRQWUDFWLRQ� N$FN x �� ,I N$FN � �
RU U�$F� � N$FN  �� WKHQ U�$F� � �� DQG VR WKHUH H[LVWV D QXPEHU ~ � � VXFK WKDW
��$F� v Iy� � � MyM � ~J� ,I� LQVWHDG� U�$F�  N$FN  �� WKHQ �$F LV QRUPDORLG DQG� WKHUH
H[LVWV D y �LQ WKH SHULSKHUDO VSHFWUXP RI $F >��� S����@� VXFK WKDW MyM  �� DVF�$F b y� x �
DQG GLP�$e

F b y�b���� ! � >��� 3URSRVLWLRQ ����@� �+HUH� WKH DVFHQW DVF�$F b y� RI $F

DW y LV WKH OHDVW QRQQHJDWLYH LQWHJHU W VXFK WKDW �$F b y�b�W� �����  �$F b y�bW����� ,I
[ � +F LV DQ HLJHQYHFWRU FRUUHVSRQGLQJ WR y LQ WKH SRLQW VSHFWUXP RI $e

F � WKHQ

N�$F b y�[N�  N$F[N
� b N[N� x ��
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+HQFH WKH HLJHQVSDFH 0 FRUUHVSRQGLQJ WR WKH HLJHQYDOXH y RI $F UHGXFHV $F DQG $FM0
LQ XQLWDU\� 7KLV FRQWUDGLFWLRQ LPSOLHV WKDW U�$� � �� &RQFOXVLRQ� 7KH VSHFWUXP

��$�  ��$X� > ��$F� v
j

y � ~ � MyM  �
k

>
j

y � MyM � ~ � �
k

�

+HQFH $ LV QRW Q�VXSHUF\FOLF >��� 3URSRVLWLRQ ���@� 6LQFH D VLPLODU DUJXPHQW ZRUNV LQ
WKH FDVH LQ ZKLFK $ � 3)�r� DQG $e LV Q�VXSHUF\FOLF �REVHUYH WKDW $ � 3)�r� LPSOLHV
$e  $e

X j$e
F�� WKH SURRI IROORZV�

5HIHU HQFHV

>� @ 3� $ LH QD D QG 0 � *R Q] wD OH ] � 2 Q WKH 'X QIRUG SURSHUW\ �&� IRU OLQHDU RSHUDWRUV 56 DQG 65�
,QWH J UD O (T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � � � ^ � � � � �(UUD WXP� ,ELG �� �� � � � �� � � � ^
� � � _ D OVR 4� =H QJ � + � =KR QJ � & RPPRQ SURSHUWLHV RI ERX QGHG OLQHDU RSHUDWRUV $& DQG

%$� / RFDO V SHFWUDO 7 KHRU\� -� 0 D WK� $ QD O� $ SSO� WR D SSH D U� � � � � ��

>� @ (� $ OEUH F KW D QG -� (VF KPH LH U� $ QDO\WLF IX QFWLRQDO PRGHOV DQG ORFDO V SHFWUDO WKHRU\ � 3UR F �
/R QGR Q 0 D WK� 6R F � �� �� � � � �� � � � ^ � � � �

>� @ 6�,� $ QVD UL D QG 3�6� %R XUGR Q� 6RPH SURSHUWLHV RI F\FOLF RSHUDWRUV � $ F WD 6F L� 0 D WK� �6] H J H G�
�� �� � � � �� � � � ^ � � � �

>� @ $ � $ OXWKJ H D QG ' � :D QJ � $ Q RSHUDWRU LQHTX DOLW\ ZKLFK LPSOLHV SDUDQRUPDOLW\ � 0 D WK� ,Q�
H T XD O� $ SSO� � �� � � � �� � � � ^ � � � �

>� @ & � %H QKLGD D QG (� + � =H UR XD OL� / RFDO V SHFWUDO SURSHUWLHV RI RSHUDWRU 56 DQG 65� ,QWH J UD O
(T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � ^ � �

>� @ (� %LVKR S� $ GX DOLW\ WKHRUHP IRU DQ DUELWUDU\ RSHUDWRU � 3D F LpF -� 0 D WK� � �� � � � �� � � � ^ � � � �

>� @ 3�6� %R XUGR Q� 1 �6� ) H OGPD Q D QG -�+ � 6KD SLUR � 6RPH SURSHUWLHV RI 1�V X SHUF\FOLF RSHUDWRUV �
6WXGLD 0 D WK� ��� �� � � � �� � � � ^ � � � �

>� @ ,� & R OR MR D UxD D QG & � ) R LD |V� 7 KH R U\ R I J H QH UD OL] H G VSH F WUD O R SH UD WR UV� & R UGR Q D QG %UH D F K�
1 H Z < R UN � � � � � �

>� @ 0 � & KzR � 6� ' MR UGMH Y Lw F D QG %� 3� ' XJ J D O� %LV KRS
V SURSHUW\ �p� DQG DQ HOHPHQWDU\ RSHUDWRU �
+ R N N D LGR 0 D WK� -� �� �� � � � �� � � � ^ � � � �

>� � @ 0 � & KzR � 6�9 � ' MR UGMH Y Lw F � %�3� ' XJ J D O D QG 7 � < D PD ] D N L� 2 Q DQ HOHPHQWDU\ RSHUDWRU ZLWK

Z�K\SRQRUPDO RSHUDWRU HQWULHV � /LQH D U $ OJ H EUD $ SSO� ��� �� � � � �� � � � � ^ � � � � �

>� � @ %�3� ' XJ J D O� 2 Q GRPLQDQW RSHUDWRUV � $ UF KLY H GH U 0 D WK� �� �� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O� 2 Q FKDUDFWHULV LQJ FRQWUDFWLRQV ZLWK & �� SX UH SDUW � ,QWH J UD O (T XD WLR QV 2SH U�
D WR U 7 KH R U\ �� �� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O D QG 6� 9 � ' MR UGMH Y Lw F � 'X QIRUG
V SURSHUW\ �&� DQG :H\O
V WKHRUHP� ,QWH J UD O
(T XD WLR QV 2SH UD WR U 7 KH R U\ �� �� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O� 8 SSHU WULDQJX ODU PDWUL[ RSHUDWRUV ZLWK GLDJRQDO �7�� 7��� 7� N�QLOSRWHQW �
5H QG� & LUF � 0 D W� 3D OH UPR �� �� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O D QG & �6� . XEUXVO\ � 3 DUDQRUPDO FRQWUDFWLRQV KDYH SURSHUW\ 3) � ) D U (D VW -� R I
0 D WK� 6F L� �� �� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O D QG & �6� . XEUXVO\ � 4 X DV L�V LPLODU N�SDUDQRUPDO RSHUDWRUV � 2SH U� 0 D WULF H V �
�� � � � �� � � � ^ � � � �

>� � @ %�3� ' XJ J D O D QG & �6� . XEUXVO\ � $ 3 X WQDP^) X JOHGH FRPPX WDWLYLW\ SURSHUW\ IRU + LOEHUW V SDFH

RSHUDWRUV � /LQH D U $ OJ H EUD $ SSO� �� � � � �� WR D SSH D U�

>� � @ 1 � ' XQIR UG D QG -�7 � 6F KZ D UW] � / LQHDU 2 SHUDWRUV ^ 3 DUW ,,,� 6SHFWUDO 2 SHUDWRUV � ,QWH U�
VF LH QF H � 1 H Z < R UN � � � � � �

>� � @ -� (VF KPH LH U D QG 0 � 3XWLQD U� %LV KRS
V FRQGLWLRQ �p� DQG ULFK H[ WHQV LRQV RI OLQHDU RSHUDWRUV �
,QGLD QD 8 QLY � 0 D WK� -� �� �� � � � �� � � � ^ � � � �

>� � @ 1 �6� ) H OGPD Q� 1�6X SHUF\FOLF RSHUDWRUV � 6WXGLD 0 D WK� ��� �� � � � �� � � � ^ � � � �
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>� � @ + �*� + H XVH U� ) X QFWLRQDO $ QDO\V LV � :LOH \ � 1 H Z < R UN � � � � � ��

>� � @ ,�+ � . LP� 2 Q �S� N��TX DV LK\SRQRUPDO RSHUDWRUV � 0 D WK� ,QH T XD OLWLH V $ SSO� � �� � � � �� � � � ^ � � � �

>� � @ & �6� . XEUXVO\ � + LOEHUW 6SDFH 2 SHUDWRUV � $ 3 UREOHP 6ROYLQJ $ SSURDFK� %LUN K�D XVH U� %R VWR Q�
� � � � �

>� � @ & �6� . XEUXVO\ � 7 KH ( OHPHQWV RI 2 SHUDWRU 7 KHRU\ � %LUN K�D XVH U� 6SULQJ H U� 1 H Z < R UN � � � � � �

>� � @ & �6� . XEUXVO\ � & RQWUDFWLRQV 7 IRU ZKLFK $ LV D SURMHFWLRQ� $ F WD 6F L� 0 D WK� �6] H J H G�� WR
D SSH D U � � � � �

>� � @ & �6� . XEUXVO\ D QG %�3� ' XJ J D O� & RQWUDFWLRQV ZLWK &
c� GLUHFW V X PPDQGV � $ GY � 0 D WK� 6F L�

$ SSO� �� �� � � � �� � � � ^ � � � �

>� � @ . �%� /D XUVH Q� 2 SHUDWRUV ZLWK pQLWH DV FHQW � 3D F LpF -� 0 D WK� ��� �� � � � �� � � � ^ � � � �

>� � @ . �%� /D XUVH Q D QG 0 �0 � 1 H XPD QQ� $ V \PSWRWLF LQWHUWZLQLQJ DQG V SHFWUDO LQFOX V LRQV RQ %D�

QDFK 6SDFHV � & ] H F KR VOR Y D N 0 D WK� -� �� �� � � � �� � � � ^ � � � �

>� � @ . �%� /D XUVH Q D QG 0 �0 � 1 H XPD QQ� / RFDO V SHFWUDO WKHRU\ DQG V SHFWUDO LQFOX V LRQV � *OD VJ R Z
0 D WK� - �� �� � � � �� � � � ^ � � � �

>� � @ . �%� /D XUVH Q D QG 0 �1 � 1 H XPD QQ� ,QWURGX FWLRQ WR / RFDO 6SHFWUDO 7 KHRU\ � & OD UH QGR Q 3UH VV�
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>� � @ 7 �/� 0 LOOH U D QG 9 �*� 0 LOOH U� $ Q RSHUDWRU V DWLV I\LQJ 'X QIRUG
V FRQGLWLRQ �&� EX W ZLWKRX W

%LV KRS
V SURSHUW\ �p�� *OD VJ R Z 0 D WK� - �� �� � � � �� � � � ^ � � � �

>� � @ 7 �/� 0 LOOH U D QG 9 �*� 0 LOOH U� 7 KH V LQJOH�YDOX HG H[ WHQV LRQ SURSHUW\ IRU V X PV DQG SURGX FWV RI

FRPPX WLQJ RSHUDWRUV � & ] H F KR VOR Y D N 0 D WK� - �� �� � � � �� � � � ^ � � � �

>� � @ . � 2N XER � 7 KH X QLWDU\ SDUW RI SDUDQRUPDO RSHUDWRUV � + R N N D LGR 0 D WK� -� � �� � � � �� � � � ^ � � � �

>� � @ 3� 3D J D F ] � 2 Q :ROG�W\SH GHFRPSRV LWLRQ� /LQH D U $ OJ H EUD $ SSO� ��� �� � � � �� � � � � ^ � � � � �

>� � @ 3� 3D J D F ] � 7 KH 3 X WQDP )̂ X JOHGH SURSHUW\ IRU SDUDQRUPDO DQG e �SDUDQRUPDO RSHUDWRUV �
2SXVF XOD 0 D WK� �� �� � � � �� � � � ^ � � � �

>� � @ . � 7 D QD KD VKL D QG $ � 8 F KL\ D PD � %LV KRS
V SURSHUW\ �p� IRU SDUDQRUPDO RSHUDWRUV � 2SH U�
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%�3� 'XJJDO� � 5HGZRRG *URYH� 1RUWKpHOG $YHQXH� (DOLQJ� /RQGRQ :� �6=� 8QLWHG
.LQJGRP� H�PDLO� ESGXJJDO#\DKRR�FR�XN

&�6� .XEUXVO\� &DWKROLF 8QLYHUVLW\ RI 5LR GH -DQHLUR� ���������� 5LR GH -DQHLUR� 5-�
%UD]LO H�PDLO� FDUORV#HOH�SXF�ULR�EU

5HQGLFRQWL GHO &LUFROR 0DWHPDWLFR GL 3DOHUPR ������ ��� ���^���

(UUDWXP�$GGHQGXP

WR WKH SDSHU ?3) SURSHUW\ DQG SURSHUW\ �p� IRU SDUDQRUPDO RSHUDWRUV��
5HQG� &LUF� 0DW� 3DOHUPR �� ������� ���^���

E\ %�3� 'XJJDO DQG & �6� . XEU XVO \

7KH SURRI RI 7KHRUHP ����LL� ^ ,I $ � %�+�?3)�r� LV D FRQWUDFWLRQ� WKHQ 6�r$�9 � � � 
" LPSOLHV $ LV QRW Q�VXSHUF\FOLF ^ RI RXU SDSHU RI WKH WLWOH LV LQFRPSOHWH �LQ WKDW LW IDLOV
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WR FRQVLGHU WKH FDVH o�$e
F b y�  ��� :H SURYLGH KHUH DGGLWLRQDO DUJXPHQW WR FRPSOHWH

WKH SURRI� DQG SURYH DQ DQDORJXH RI WKH UHVXOW IRU ZHDNO\ VXSHUF\FOLF RSHUDWRUV�

:H IROORZ WKH QRWDWLRQ DQG WHUPLQRORJ\ RI WKH SDSHU RI WKH WLWOH� 7KXV %�+� GHQRWHV
WKH DOJHEUD RI ERXQGHG OLQHDU RSHUDWRUV RQ DQ LQpQLWH GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH�
r$�% � %�%�+�� GHQRWHV WKH JHQHUDOL]HG GHULYDWLRQ r$�%�;�  $; b ;%� DQG DQ
RSHUDWRU $ � %�+� VDWLVpHV WKH 3XWQDP^)XJOHGH SURSHUW\ r� GHQRWHG $ � 3)�r�� LI
ZKHQHYHU WKH HTXDWLRQ $;  ;9 e KROGV IRU VRPH LVRPHWU\ 9 DQG RSHUDWRU ; � %�+��
WKHQ DOVR $e;  ;9 � $Q RSHUDWRU $ � %�+� LV Q�VXSHUF\FOLF IRU VRPH Q � 1 LI + KDV
DQ Q�GLPHQVLRQDO VXEVSDFH0 ZLWK GHQVH RUELW 2UE0 �$�  

6

P� 1$
P0 � D ��VXSHUF\FOLF

RSHUDWRU LV VXSHUF\FOLF� DQG ZH VD\ WKDW $ LV ZHDNO\ VXSHUF\FOLF LI WKHUH H[LVWV D YHFWRU
[ � +� ZLWK 0 WKH FRUUHVSRQGLQJ RQH GLPHQVLRQDO VXEVSDFH JHQHUDWHG E\ [� VXFK WKDW
2UE0 �$� LV ZHDNO\ GHQVH �L�H�� GHQVH LQ WKH ZHDN WRSRORJ\� LQ +� ,W LV FOHDU WKDW LI
DQ RSHUDWRU $ � %�+� LV Q�VXSHUF\FOLF RU ZHDNO\ VXSHUF\FOLF� WKHQ + LV VHSDUDEOH �VHH
>�� �� �� �@ IRU PRUH LQIRUPDWLRQ��

)RU DQ RSHUDWRU $ � %�+�� OHW 6�r$�9 � �  I9 � %�+� � 9 LVRPHWULF� rb�
$�9 � ��� � 

I�JJ� DQG OHW 6'�r$�9 � � GHQRWH WKH VHW RI WKRVH LVRPHWULHV 9 � %�+� IRU ZKLFK WKHUH
H[LVWV DQ ; � %�+� ZLWK GHQVH UDQJH VXFK WKDW r$�9 � �;�  �� &OHDUO\� LI $ � %�+� LV
D FRQWUDFWLRQ� 6�r$�9 � � � " DQG $ � 3) �r�� WKHQ $ LV WKH GLUHFW VXP RI D XQLWDU\ ZLWK
VRPH �SRVVLEO\ WULYLDO� RSHUDWRU� DQG LI DOVR 6'�r$�9 � � � "� WKHQ $ LV XQLWDU\�

7KHRUHP ��� /HW $ EH D FRQWUDFWLRQ LQ %�+� ? 3) �r��

�D� ,I $ LV Q�VXSHUF\FOLF� WKHQ 6�r$�9 � �  "�

�E� ,I $ LV ZHDNO\ VXSHUF\FOLF� WKHQ HLWKHU

�E�� 6�r$�9 � �  "� RU

�E�� 6�r$�9 � � � " DQG $ LV D XQLWDU\ �KHQFH 6'�r$�9 � � � "��

3URRI � ,I 6�r$�9 � � � " DQG $ � 3) �r�� WKHQ WKHUH H[LVWV D GHFRPSRVLWLRQ +  +Xj+F

RI + VXFK WKDW $  $M+ � j$M+ �  $X j$F� ZKHUH $X LV XQLWDU\ DQG $F LV FRPSOHWHO\
QRQ�XQLWDU\ �LQGHHG� D &�� FRQWUDFWLRQ�� �7KH FRPSRQHQW $F PD\ EH DEVHQW LI WKHUH
H[LVWV DQ ; � %�+� ZLWK GHQVH UDQJH VDWLVI\LQJ r$�9 � �;�  ��� (YLGHQWO\� LQ VXFK
D FDVH� ��$X� LV FRQWDLQHG LQ WKH ERXQGDU\ #' RI WKH XQLW GLVF LQ WKH FRPSOH[ SODQH�
MM$FMM x � DQG WKH VSHFWUDO UDGLXV U�$F� RI $F VDWLVpHV U�$F� x ��

7KH SURRI KHUH LV VLPLODU WR WKDW RI >�� 7KHRUHP ����LL�@� +RZHYHU� DV HDUOLHU VWDWHG� WKH
DUJXPHQW RI WKH SURRI RI >�� 7KHRUHP ����LL�@ LV LQFRPSOHWH� :H SURYLGH EHORZ WKH PLVVLQJ
DUJXPHQW DQG UHSURGXFH KHUH D FRPSOHWH SURRI IRU WKH UHDGHU
V FRQYHQLHQFH�

�D� 6XSSRVH D FRQWUDFWLRQ $ � %�+�? 3) �r� LV Q�VXSHUF\FOLF DQG 6�r$�9 � � � "� 7KHQ�
DV REVHUYHG DERYH� $  $Xj$F� ZKHUH $X LV XQLWDU\� ��$X� v Iy � MyM  �J  #' � WKH
ERXQGDU\ RI WKH XQLW GLVF ' LQ WKH FRPSOH[ SODQH�� ,I U�$F� � �� WKHQ WKHUH H[LVWV D UHDO
QXPEHU ~ � � VXFK WKDW ��$F� v Iy � MyM x ~J� &RQVHTXHQWO\� ��$� v #'>Iy � MyM x ~J�
DQG WKLV E\ >�� 3URSRVLWLRQ ���@ LV D FRQWUDGLFWLRQ� +HQFH U�$F�  �� ZKLFK WKHQ LPSOLHV
WKDW $F LV QRUPDORLG� /HWWLQJ �}�$F�  Iy � ��$F� � MyM  U�$F�J GHQRWH WKH SHULSKHUDO
VSHFWUXP RI $F� >�� 3URSRVLWLRQ ����@ LPSOLHV WKDW DVF�$F b y� x � DQG p�$F b y�  
GLP�+F �$Fby��+F�� ! � IRU DOO y � �}�$F�� 6LQFH o�$

e
Fby�  GLP�$e

Fby� x p�$Fby��
HLWKHU o�$e

F b y�  � RU o�$e
F b y� ! �� :H SURYH WKDW QHLWKHU RI WKHVH DOWHUQDWLYHV LV

IHDVLEOH� OHDGLQJ XV WR FRQFOXGH WKDW RXU K\SRWKHVLV U�$F�  � LV QRW SRVVLEOH� 5HFDOO WKH
�HDVLO\ SURYHG� IDFW WKDW WKH HLJHQYDOXHV z RI D FRQWUDFWLRQ LQ %�+� VXFK WKDW MzM  � DUH
QRUPDO �L�H�� WKH FRUUHVSRQGLQJ HLJHQVSDFH LV UHGXFLQJ�� +HQFH� LI o�$e

F b y� ! �� WKHQ
$F KDV D XQLWDU\ GLUHFW VXPPDQG _ D FRQWUDGLFWLRQ� &RQVHTXHQWO\� o�$e

F b y�  �� :H
FODLP WKDW y  � LVR��$e

F�� ,I y � LVR��$e
F�� WKHQ +F  3 �+F� j �, b 3 ��+F�� ZKHUH 3 LV

WKH 5LHV] SURMHFWLRQ DVVRFLDWHG ZLWK y >�� 7KHRUHP ����@� (YLGHQWO\� GLP�3�+F��  �
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�IRU LI GLP�3�+F�� � �� WKHQ y LV D SROH� KHQFH DQ HLJHQYDOXH�� 6LQFH WKH DGMRLQW RI DQ
Q�VXSHUF\FOLF RSHUDWRU FDQ QRW KDYH DQ LQpQLWH GLPHQVLRQDO LQYDULDQW VXEVSDFH >�@� ZH
KDYH D FRQWUDGLFWLRQ� 7KLV OHDYHV XV ZLWK WKH FDVH y � �D�$

e
F� DQG y  � LVR��$e

F�� 7KHQ�
JLYHQ s ! �� HYHU\ s�QHLJKERXUKRRG RI y FRQWDLQV DQ HOHPHQW RI WKH SRLQW VSHFWUXP RI
$e

F � 6LQFH WKH DGMRLQW RI DQ Q�VXSHUF\FOLF RSHUDWRU KDV DW PRVW �FRXQWLQJ PXOWLSOLFLW\� Q
HLJHQYDOXHV >�@� DJDLQ ZH KDYH D FRQWUDGLFWLRQ� +HQFH o�$e

F b y� � �� ZKLFK OHDGV WR \HW
DQRWKHU FRQWUDGLFWLRQ� 7KHUHIRUH� LI D FRQWUDFWLRQ $ � %�+� ? 3) �r� LV Q�VXSHUF\FOLF�
WKHQ 6�r$�9 � �  "� �(TXLYDOHQWO\� LI 6�r$�9 � � � "� WKHQ D FRQWUDFWLRQ $ � %�+�?3) �r�
LV QRW Q�VXSHUF\FOLF��

�E� 7KH SURRI KHUH LV VLPLODU WR WKDW RI WKH pUVW SDUW� DQG ZH VKDOO XVH IUHHO\ WKH UHOHYDQW
SDUWV RI WKH DUJXPHQW DERYH LQ RXU SURRI EHORZ� 6XSSRVH WKDW $ � %�+� LV �Z�V� �VKRUW
IRU ?ZHDNO\ VXSHUF\FOLF��� ,I 6�r$�9 � � � "� DQG $ � 3) �r�� WKHQ $  $Xj$F� 6LQFH WKH
FRPSUHVVLRQ RI D �Z�V� RSHUDWRU WR WKH RUWKRJRQDO FRPSOHPHQW RI DQ LQYDULDQW VXEVSDFH RI
WKH RSHUDWRU LV DJDLQ �Z�V�� $F LV D �Z�V� FRQWUDFWLRQ� ,I U�$F� � �� WKHQ WKHUH H[LVWV D UHDO
QXPEHU � � ~ � � VXFK WKDW ��$� v #' > Iy � MyM x ~J� DQG WKLV E\ >�� /HPPD ���@ LV D
FRQWUDGLFWLRQ� :H SURYH QH[W WKDW U�$F� � �� ZKLFK WKHQ OHDGV XV WR FRQFOXGH WKDW HLWKHU
RXU K\SRWKHVLV 6�r$�9 � � � " LV IDOVH RU $F DFWV RQ WKH WULYLDO VSDFH � �DQG KHQFH $ LV D
XQLWDU\�� 6XSSRVH WKHQ WKDW U�$F�  �� 7KHQ� VHH DERYH� o�$

e
F by� ! � IRU D y � �}�$F�

LPSOLHV $F KDV D XQLWDU\ VXPPDQG� DQG KHQFH ZH PXVW KDYH WKDW o�$
e
F b y�  �� ,I

�}�$F� ~ LVR��$F�� WKHQ� XSRQ OHWWLQJ 3 GHQRWH WKH 5LHV] SURMHFWLRQ DVVRFLDWHG ZLWK
WKH VSHFWUDO VHW �}�$F�� ZH KDYH +F  3 �+F� j �, b 3 ��+F�� 5HFDOO QRZ WKH IDFW WKDW
DQ LQYDULDQW VXEVSDFH RI D �Z�V� RSHUDWRU KDV FR�GLPHQVLRQ � RU �� �7KLV LV D VLPSOH
FRQVHTXHQFH RI WKH IDFW WKDW LI 7 LV D �Z�V� RSHUDWRU RQ D pQLWH GLPHQVLRQDO VSDFH� WKHQ
LW LV VXSHUF\FOLF� DQG WKHUH DUH QR VXSHUF\FOLF RSHUDWRUV RQ D pQLWH GLPHQVLRQDO VSDFH RI
GLPHQVLRQ JUHDWHU WKDQ RQH�� +HQFH GLP��, b 3��+F�� LV HLWKHU � RU �� ,Q HLWKHU FDVH
��$FM�,b3 ��+ � �� � " DQG MzM � � IRU HYHU\ z � ��$FM�,b3 ��+ � ��� 6LQFH WKLV FRQWUDGLFWV
>�� /HPPD ���@ IRU $F� ZH PXVW KDYH WKDW WKHUH LV D y � �}�$F� VXFK WKDW y  � LVR��$F��
%XW WKHQ y  � LVR�D�$

e
F�� DQG KHQFH� JLYHQ s ! �� HYHU\ s�QHLJKERXUKRRG RI y FRQWDLQV DQ

HOHPHQW RI WKH SRLQW VSHFWUXP RI $e
F � +HQFH ��}�$F�  " IRUFLQJ WKHUHE\ WKDW� U�$F� � ��

DQG ��$� v #' > Iy � MyM x ~J IRU VRPH SRVLWLYH QXPEHU ~ � �� %XW WKHQ �LQ YLHZ RI
>�� /HPPD ���@� ZH PXVW KDYH HLWKHU WKDW $ LV �Z�V� DQG 6�r$�9 � �  " RU $F DFWV RQ
WKH WULYLDO VSDFH � �VR WKDW ��$F�  "� $ LV XQLWDU\ DQG r$�9 � �,�  �� ZKHUH 9 LV WKH
LVRPHWU\ 9  $e�� e

/HW �$�% � %�%�+�� GHQRWH WKH HOHPHQWDU\ RSHUDWRU �$�%�;�  $;% b;� 7KHQ
DQ RSHUDWRU$ � %�+� LV VDLG WR VDWLVI\ SURSHUW\ 3)��� LI ZKHQHYHU WKH HTXDWLRQ$;9 eb
;  � KROGV IRU VRPH LVRPHWU\ 9 DQG RSHUDWRU ; � %�+�� WKHQ $e;9 e b;  �� ,W
LV NQRZQ� >�� 7KHRUHP ���@� WKDW $ � 3)�r� �� $ � 3)���� ,I ZH OHW 6��$�9 � �  
I9 � %�+� � 9 LVRPHWULF� �b�

$�9 � ��� � I�JJ� WKHQ 6��$�9 � � � " �� 6�r$�9 � � � "�
IXUWKHUPRUH� WKHUH H[LVWV DQ LVRPHWU\ 9 DQG DQ RSHUDWRU ; ZLWK GHQVH UDQJH VDWLVI\LQJ
r$�9 � �;�  � LI DQG RQO\ LI WKHUH H[LVWV DQ LVRPHWU\ : DQG DQ RSHUDWRU < ZLWK GHQVH
UDQJH VXFK WKDW $<: e  < �VHH WKH SURRI >�� 7KHRUHP ���@� +HQFH�

&RUROODU\ � /HW $ EH D FRQWUDFWLRQ LQ %�+� ? 3)����

�D� ,I 6��$�9 � � � "� WKHQ $ LV QRW Q�VXSHUF\FOLF�

�E� ,I $ LV ZHDNO\ VXSHUF\FOLF� WKHQ HLWKHU

�E�� 6��$�9 � �  "� RU�

�E�� 6��$�9 � � � " DQG $ LV XQLWDU\�

&RQWUDFWLRQV EHORQJLQJ WR D VXEFODVV 6 ~ %�+� PD\ SRVVHVV SURSHUW\ 3)�r� �KHQFH
DOVR SURSHUW\ 3)���� ZLWKRXW RSHUDWRUV �QRW QHFHVVDULO\ FRQWUDFWLRQ RSHUDWRUV� LQ 6
SRVVHVVLQJ WKH SURSHUW\ >�@� +RZHYHU� VLQFH DQ $ � %�+� LV Q�VXSHUF\FOLF �RU� ZHDNO\
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VXSHUF\FOLF� LPSOLHV U$ LV Q�VXSHUF\FOLF �UHVS�� ZHDNO\ VXSHUF\FOLF� IRU HYHU\ QRQ�]HUR
VFDODU U� WKH WKHRUHP �DERYH� KDV DQ DQDORJXH IRU �JHQHUDO� RSHUDWRUV LQ %�+��

&RUROODU\ � /HW $ � %�+� EH VXFK WKDW WKH FRQWUDFWLRQ RSHUDWRU %  �
MM$MM$ � 3)�r��

�D� ,I 6�r%�9 � � � "� WKHQ $ LV QRW Q�VXSHUF\FOLF�

�E� ,I $ LV ZHDNO\ VXSHUF\FOLF� WKHQ HLWKHU

�E�� 6�r%�9 � �  "� RU�

�E�� 6�r%�9 � � � " DQG $ LV D VFDODU PXOWLSOH RI D XQLWDU\ RSHUDWRU�

5HIHU HQFHV

>�@ )� %D\DUW DQG (� 0DWKHURQ� +\SRQRUPDO RSHUDWRUV� ZHLJKWHG VKLIWV DQG ZHDN IRUPV

RI VXSHUF\FOLFLW\ � 3URF� (GLQE� 0DWK� 6RF� �� ������� �^���

>�@ 3�6� %RXUGRQ� 1�6� )HOGPDQ DQG -�+� 6KDSLUR� 6RPH SURSHUWLHV RI 1�VXSHUF\FOLF

RSHUDWRUV� 6WXGLD 0DWK� ��� ������� ���^����

>�@ %�3� 'XJJDO DQG &�6� .XEUXVO\� 3) SURSHUW\ DQG SURSHUW\ �p� IRU SDUDQRUPDO RSHU�

DWRUV � 5HQG� &LUF� 0DW� 3DOHUPR �� ������� ���^����

>�@ %�3� 'XJJDO DQG &�6� .XEUXVO\� $ 3XWQDP^)XJOHGH FRPPXWDWLYLW\ SURSHUW\ IRU

+LOEHUW VSDFH RSHUDWRUV� /LQHDU $OJHEUD $SSO� ��� ������� ���^����

>�@ 1�6� )HOGPDQ� 1�6XSHUF\FOLF RSHUDWRUV� 6WXGLD 0DWK� ��� ������� ���^����

>�@ +�*� +HXVHU� )XQFWLRQDO $QDO\VLV � :LOH\� 1HZ <RUN� ������

>�@ 5� 6DQGHUV�:HDNO\ VXSHUF\FOLF RSHUDWRUV � -� 0DWK� $QDO� $SSO� ��� ������� ���^����


