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�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WR SURYH DQ H[WHQVLRQ UHVXOW IRU ELOLQHDU PDSV� 7KLV
ZLOO EH SUHVHQWHG LQ 7KHRUHP ���� ,W JLYHV D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU D
ERXQGHG ELOLQHDU PDS WR EH H[WHQGHG IURP WKH &DUWHVLDQ SURGXFW0d1 RI OLQHDU
PDQLIROGV0 DQG 1 RI %DQDFK VSDFHV ; DQG < WR WKH &DUWHVLDQ SURGXFW ; d< RI
WKH %DQDFK VSDFHV� 6XFK FRQGLWLRQV DUH LPSRVHG RQ WKH OLQHDU PDQLIROGV RQO\� 7KLV
OHDGV WR D FRPSOHWH XQFRQGLWLRQDO VWDWHPHQW IRU WKH H[WHQVLRQ RI ERXQGHG ELOLQHDU
PDSV DFWLQJ RQ WKH &DUWHVLDQ SURGXFW RI VXEVSDFHV RI +LOEHUW VSDFHV� $SSOLFDWLRQV
UHODWHG WR H[WHQVLRQV RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV RQ SURMHFWLYH WHQVRU SURG�
XFWV DUH FRQVLGHUHG DV ZHOO�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 1RWDWLRQ DQG WHUPLQRORJ\ DUH VHW LQ 6HFWLRQ ��
$ EULHI UHYLHZ RQ WKH ELOLQHDU H[WHQVLRQ SUREOHP LV FRQVLGHUHG LQ 6HFWLRQ �� $X[LOLDU\
UHVXOWV UHTXLUHG LQ WKH VHTXHO DUH EURXJKW WRJHWKHU LQ 6HFWLRQ �� 7KH PDLQ UHVXOWV
DUH WUHDWHG LQ 6HFWLRQ �� IROORZHG E\ DQ DSSOLFDWLRQ LQ 6HFWLRQ ��

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

,Q WKH SUHVHQW FRQWH[W WKH WHUPV IRUPV DQG IXQFWLRQDOV � ERXQGHG OLQHDU DQG
FRQWLQXRXV OLQHDU� ERXQGHG ELOLQHDU DQG FRQWLQXRXV ELOLQHDU� DUH SDLUZLVH V\QRQ\PV
DQG ZH XVH ERWK IRUPV IUHHO\� DQG ) GHQRWHV HLWKHU WKH UHDO RU WKH FRPSOH[ pHOG�
$OO OLQHDU VSDFHV DUH RYHU WKH VDPH pHOG )� /HW ; �< �= EH QRQ]HUR OLQHDU VSDFHV�

$ ELOLQHDU PDS � � ; d< � = LV D IXQFWLRQ IURP WKH &DUWHVLDQ SURGXFW ; d< RI OLQ�
HDU VSDFHV WR D OLQHDU VSDFH = ZKRVH VHFWLRQV DUH OLQHDU WUDQVIRUPDWLRQV� ,Q RWKHU
ZRUGV� OHW � V  ��c� \�  �M WNX+Y V Z � ; � = EH WKH \�VHFWLRQ RI WKH ELOLQHDU PDS � DQG
OHW � [  ��[� c�  �M Y [ Z XO\ � < � = EH WKH [�VHFWLRQ RI �� 7KHVH IXQFWLRQV � V DQG
� [ DUH OLQHDU WUDQVIRUPDWLRQV� )URP QRZ RQ VXSSRVH ; �< �= DUH QRUPHG VSDFHV� ,I
WZR QRUPHG VSDFHV ; DQG < DUH LVRPHWULFDOO\ LVRPRUSKLF� DQG LI \ � < LV WKH LVR�
PHWULFDOO\ LVRPRUSKLF LPDJH RI [ � ; � WKHQ ZULWH ; | < DQG [ | \� %\ D VXEVSDFH
0 RI D QRUPHG VSDFH ; ZH PHDQ D FORVHG OLQHDU PDQLIROG RI ; �HTXLSSHG ZLWK WKH
QRUP LQKHULWHG IURP ; �� ,I 0 LV D OLQHDU PDQLIROG RI ; � WKHQ 0 ] ZLOO GHQRWH LWV
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FORVXUH LQ ; � $ ELOLQHDU PDS LV ERXQGHG LI VXS ���� [�� W:� ���� V � \
�E�6� [ � V�� �� [ �O� V � LV pQLWH� ,Q WKLV

FDVH VHW N�N  VXS ���� [�� W:� ���� V � \
�E�6� [ � V�� �� [ �O� V � VR WKDW N��[� \�N x N�NN[NN\N IRU HYHU\

�[� \� � ; d< � 7KLV GHpQHV D QRUP RQ WKH OLQHDU VSDFH RI DOO ERXQGHG ELOLQHDU PDSV�
$ ELOLQHDU PDS LV FRQWLQXRXV �UHJDUGLQJ WKH SURGXFW WRSRORJ\ LQ ; d<� LI DQG

RQO\ LI LW LV ERXQGHG� /HW E > ; d< �= @ GHQRWH WKH QRUPHG VSDFH RI DOO ERQGHG ELOLQHDU
PDSV � � ; d< � = � DQG OHW %> ; �< @ GHQRWH WKH QRUPHG VSDFH RI DOO ERXQGHG OLQHDU
WUDQVIRUPDWLRQV 7 � ; �< � 7KH UDQJH RI 7 � %> ; �< @ �QRWDWLRQ� 5�7 �  7 �; �  
UDQJH �7 �� LV D OLQHDU PDQLIROG RI < � DQG LWV NHUQHO �QRWDWLRQ� 1 �7 �  7 ] � �I�J�  
NHUQHO �7 �� LV D VXEVSDFH RI ; � /HW ; �  %> ; �)@ EH WKH GXDO RI ; � ,I RQH RI ; RU
< LV D %DQDFK VSDFH� WKHQ � OLHV LQ E > ; d< �= @ LI DQG RQO\ LI � V OLHV LQ %> ; �= @ DQG
� [ OLHV LQ %>< �= @� %RWK E > ; d< �=@ DQG %> ; �= @ DUH %DQDFK VSDFHV LI DQG RQO\ LI =
LV� �)RU SURSHUWLHV RQ ERXQGHG ELOLQHDU PDSV VHH� H�J�� >�� 6HFWLRQ ���� S��@��

7KH DOJHEUDLF WHQVRU SURGXFW RI OLQHDU VSDFHV ; DQG < LV D OLQHDU VSDFH ; n <
DVVRFLDWHG ZLWK D ELOLQHDU PDS v � ; d< � ; n < ZKRVH UDQJH VSDQV ; n < ZLWK
WKH IROORZLQJ SURSHUW\� IRU HYHU\ OLQHDU PDS � � ; d< � = LQWR DQ\ OLQHDU VSDFH =
WKHUH H[LVWV D �XQLTXH� OLQHDU WUDQVIRUPDWLRQ j� ; n < � = IRU ZKLFK WKH GLDJUDP

; d<
�

bbb� =
�}	

["" �
; n <

FRPPXWHV� 6HW [n \  v�[� \� IRU HDFK �[� \� � ; d< � 7KHVH DUH WKH VLQJOH WHQVRUV�

$Q HOHPHQW ] LQ ; n < LV D pQLWH VXP 3 �
[
�
n \

�
RI VLQJOH WHQVRUV� �)RU DQ H[SR�

VLWLRQ RQ DOJHEUDLF WHQVRU SURGXFWV VHH� H�J�� >��@��

/HW ; DQG < EH QRUPHG VSDFHV� 7ZR UHDVRQDEOH FURVVQRUPV RQ ; n < DUH WKH
LQMHFWLYH N c N � DQG SURMHFWLYH N c N � QRUPV� ZKLFK DUH JLYHQ E\

N]N �  VXS�E d�$¡ � � �1¢6�$¡ � �   � W:£>� ¢ � \�£
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N]N �  LQIY [=¤ Z �0Y V ¤ Z �=¥ � ¦ ¤ [
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IRU HYHU\ ]  3 �
[
�
n \

�
� ; n < � /HW ; n � < DQG ; n� < GHQRWH D WHQVRU SURGXFW

VSDFH ; n < HTXLSSHG ZLWK N c N � RU N c N � � 7KHLU FRPSOHWLRQV� GHQRWHG E\ ; En � <
DQG ; En� < � DUH UHIHUUHG WR DV WKH LQMHFWLYH DQG SURMHFWLYH WHQVRU SURGXFWV � �)RU

H[SRVLWLRQV RQ WKH %DQDFK VSDFHV ; En � < DQG ; En� < VHH� H�J�� >��@� >�@� >��@� >�@��
�� 3U HO LP LQDU LHV

$ YHU\ EULHI UHYLHZ RI SUHYLRXV UHVXOWV RQ ELOLQHDU H[WHQVLRQ XQGHU UHVWULFWLRQV�

/HW ; �< �= EH QRUPHG VSDFHV RYHU WKH VDPH pHOG DQG OHW0 DQG 1 EH OLQHDU PDQ�
LIROGV RI ; DQG < � UHVSHFWLYHO\� $OWKRXJK WKHUH LV QR +DKQ^%DQDFK 7KHRUHP IRU
ELOLQHDU IXQFWLRQDOV� YDULDQWV RI LW PD\ KROG LI H[WUD DVVXPSWLRQV DUH LPSRVHG� &RQ�
VLGHU WKH JHQHUDO FDVH RI D ELOLQHDU PDS � �0d1 � = WDNLQJ YDOXHV LQ D %DQDFK

VSDFH = UDWKHU WKDQ LQ )� +DYLQJ LQ PLQG WKH H[WHQVLRQ RI � WR E� � ; d< � = DFW�
LQJ RQ ; d< � H[WUD DVVXPSWLRQV PD\ EH SODFHG RQ DQ\ RI WKH IRXU SOD\HUV LQYROYHG�
QDPHO\� WKH QRUPHG VSDFHV ; DQG < � WKH OLQHDU PDQLIROGV0 DQG 1 � WKH ERXQGHG
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ELOLQHDU PDS �� DQG WKH %DQDFK VSDFH = � 7KH pUVW JRDO LQ WKH SUHVHQW SDSHU LV WR
JHQHUDOL]H DQ H[WHQVLRQ IRU ERXQGHG ELOLQHDU IRUPV SURSRVHG LQ >�@� ZKLFK ZLOO EH
GLVFXVVHG LQ 6HFWLRQ �� 2WKHU ZD\V WR IDFH WKH ERXQGHG ELOLQHDU H[WHQVLRQ SUREOHP
ZDV WR DVVXPH ;  < DQG =  ) �L�H�� ELOLQHDU RU PXOWLOLQHDU IRUPV UDWKHU WKDQ
PDSV�� 4XLWH RIWHQ LW LV DVVXPHG 0  1 � $ORQJ WKLV OLQH� WKH UROH SOD\HG E\ WKH
HPEHGGLQJ RI0 LQWR ; ZDV DQDO\]HG LQ >�@� WKH FDVH RI ;  /

�
ZDV SUHVHQWHG LQ >�@�

>�@� SURSHUWLHV RI WKH ELOLQHDU �PXOWLOLQHDU� IRUP LWVHOI ZHUH LQYHVWLJDWHG LQ >��@� WKH
UHVWULFWLRQ RSHUDWRU WDNLQJ ERXQGHG ELOLQHDU IRUPV RQ ; d; LQWR ERXQGHG ELOLQHDU
IRUPV LQWR0d0 ZDV FRQVLGHUHG LQ >�@� D FKDUDFWHUL]DWLRQ RI WKH VHTXHQFH VSDFH F �
LQ WHUPV RI H[WHQGLEOH ELOLQHDU IRUPV ZDV JLYHQ >�@� DQG D QHFHVVDU\ DQG VXrFLHQW
FRQGLWLRQ IRU ELOLQHDU IRUPV WR EH H[WHQGLEOH ZDV SUHVHQWHG LQ >�@ PDNLQJ D FRQQHF�
WLRQ ZLWK DQ LQWHJUDO UHSUHVHQWDWLRQ RI ERXQGHG ELOLQHDU IXQFWLRQDOV LGHQWLpHG ZLWK
ERXQGHG OLQHDU IXQFWLRQDOV RQ WKH LQMHFWLYH WHQVRU SURGXFW �VHH� H�J�� >�� 3URSRVL�
WLRQ ������@�� $OO WKHVH ZHUH GRQH IRU ELOLQHDU �PXOWLOLQHDU� IRUPV �UDWKHU WKDQ IRU
=�YDOXHG ELOLQHDU PDSV�� KDYLQJ LQ PLQG WKH TXHVW IRU FRQGLWLRQV �RU SDUWLFXODUL]D�
WLRQV� HQVXULQJ +DKQ�%DQDFK W\SH UHVXOWV IRU FRQWLQXRXV ELOLQHDU IXQFWLRQDOV�

�� $X[LO LDU \ 5HVXO W V

$ VXEVSDFH RI D QRUPHG VSDFH LV FRPSOHPHQWHG LI LW KDV D VXEVSDFH DV DQ DO�
JHEUDLF FRPSOHPHQW� $ QRUPHG VSDFH LV FRPSOHPHQWHG LI HYHU\ VXEVSDFH RI LW LV
FRPSOHPHQWHG� ,I D %DQDFK VSDFH LV FRPSOHPHQWHG� WKHQ LW LV LVRPRUSKLF �L�H�� WRSR�
ORJLFDOO\ LVRPRUSKLF� WR D +LOEHUW VSDFH� DQG VR FRPSOHPHQWHG %DQDFK VSDFHV DUH
LGHQWLpHG ZLWK +LOEHUW VSDFHV >��@ �VHH DOVR >��@�� :H ZLOO QHHG WKH IROORZLQJ ZHOO�
NQRZQ UHVXOWV� RQH RQ FRPSOHPHQWHG VXEVSDFHV DQG WKH RWKHU RQ ELOLQHDU PDSV�

3URSRVLWLRQ ���� /HW 0 EH D VXEVSDFH RI DQ QRUPHG VSDFH ; � ,I WKHUH H[LVWV D

FRQWLQXRXV SURMHFWLRQ ( � ; � ; ZLWK 5�(�  0� WKHQ 0 LV FRPSOHPHQWHG� 7KH

FRQYHUVH KROGV LI ; LV D %DQDFK VSDFH �

3URRI� 6HH� H�J�� >��� 5HPDUN $��@ DPRQJ PDQ\ RWKHUV�

3URSRVLWLRQ ���� )RU DQ DUELWUDU\ WULSOH �; �< �=� RI QRUPHG VSDFHV �

E > ; d< �= @ | %> ; �%>< �= @ @�

3URRI� )RU =  ) DQG ZLWK | VWDQGLQJ IRU LVRPHWULF LVRPRUSKLVP ZH JHW
E > ; d< �)@ | %> ; �< � @�

6HH >�� 6HFWLRQ ���� S��@� $Q H[WHQVLRQ IURP ) WR = IROORZV WKH VDPH DUJXPHQW�
,I0 DQG 1 DUH VXEVSDFHV RI %DQDFK VSDFHV ; DQG < � WKHQ0n � 1 LV D OLQHDU

PDQLIROG RI ; n � < � DQG FRQVHTXHQWO\0 En � 1 LV D VXEVSDFH RI WKH LQMHFWLYH WHQVRU
SURGXFW ; En � < � ,Q JHQHUDO� WKLV IDLOV IRU WKH SURMHFWLYH QRUP N c N � RI WKH SURMHFWLYH
WHQVRU SURGXFW ; En� < � ,QGHHG� DV LV UHDGLO\ YHULpHG� N]N W § � \ x N]N µ § �I¶ IRU
HYHU\ ] LQ 0n� 1 � WKH LQHTXDOLW\ PD\ EH VWULFW� DQG 0n� 1 LV D VXEVSDFH RI
; n� < LI DQG RQO\ LI N]N W § � \  N]N µ § �I¶ IRU HYHU\ ] LQ 0n� 1 � :H ZLOO QHHG
WKH IROORZLQJ ZHOO�NQRZQ UHVXOWV RQ SURMHFWLYH WHQVRU SURGXFWV�

3URSRVLWLRQ ���� 6XSSRVH 0 DQG 1 DUH FRPSOHPHQWHG VXEVSDFHV RI %DQDFK VSDFHV

; DQG <� UHVSHFWLYHO\� ,I 0n� 1 LV D OLQHDU PDQLIROG RI WKH QRUPHG VSDFH ; n� <�
WKHQ LW LV D VXEVSDFH� ,I 0  5�(� DQG 1  5�3 � IRU SURMHFWLRQV ( LQ %> ; � ; @
DQG 3 LQ %>< �< @ ZLWK N(N  N3N  �� WKHQ 0n� 1 LV D OLQHDU PDQLIROG RI ; n� < �
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3URRI� 6HH� H�J�� >��� 3URSRVLWLRQ ���@�

3URSRVLWLRQ ���� )RU DQ DUELWUDU\ WULSOH �; �< �=� RI %DQDFK VSDFHV �

E > ; d< �= @ | %> ; En� < �= @�
3URRI� 7KLV LV WKH XQLYHUVDO PDSSLQJ SULQFLSOH � 6HH� H�J�� >�� 7KHRUHP �����@�

3URSRVLWLRQ ���� $Q DOWHUQDWH H[SUHVVLRQ IRU WKH SURMHFWLYH QRUP�

N]N �  VXS�E�O�$¡ � � � �O¸I¹ WNXO\��Cº6»
ppp
; � ��[ � � \ � �

ppp IRU HYHU\ ]  
; � [ � n \

�
� ; n� < �

3URRI� 6HH� H�J�� >��� S���@� 7KLV IROORZV LQ SDUW E\ 3URSRVLWLRQ ��� DQG WKH IDFW WKDW�

LI E; LV D FRPSOHWLRQ RI ; DQG = LV D %DQDFK VSDFH� WKHQ %> E; �= @ | %> ; �= @� +HQFH
E > ; d< �)@ | � ; En� <� � | � ; n� <� � �

�� $Q ([W HQVLRQ I RU %RXQGHG %LO LQHDU 0 DSV

,I RQH LPSRVHV DSSURSULDWH UHVWULFWLRQV RQ WKH OLQHDU PDQLIROGV0 DQG 1 RI ;
DQG < � WKHQ ZH JHW �L� WKH QH[W H[WHQVLRQ UHVXOW IRU ERXQGHG ELOLQHDU IRUPV GXH WR
>�@� DQG �LL� DQ H[WHQVLRQ RI LW IRU ELOLQHDU PDSV DV LQ WKH VXEVHTXHQW WKHRUHP�

7KHRUHP ���� >�� &RUROODU\ �@� ,I 0 DQG 1 DUH VXEVSDFHV RI %DQDFK VSDFHV ;
DQG <� UHVSHFWLYHO\� DQG LI WKHUH H[LVWV D SURMHFWLRQ RI QRUP RQH RI ; RQWR 0 DQG

D SURMHFWLRQ RI QRUP RQH RI < RQWR 1 � WKHQ HYHU\ ERXQGHG ELOLQHDU IXQFWLRQDO RQ

0d1 FDQ EH H[WHQGHG WR ; d< ZLWK WKH VDPH QRUP�

,W LV FRQYHQLHQW WR VXPPDUL]H +D\GHQ
V RULJLQDO SURRI�

$ 6NHWFK RI 3URRI RI 7KHRUHP ��� >�@�

3DUW � � /HW0 DQG 1 EH VXEVSDFHV RI %DQDFK VSDFHV ; DQG < VXFK WKDW IRU HYHU\
� � E >0d1 �)@ WKHUH LV E� � E > ; d< �)@ IRU ZKLFK E�M µ X ¶  � DQG NE�N  N�N� %\
3URSRVLWLRQ ���� E >0d1 �)@ | %>0� 1 � @ DQG E > ; d< �)@ | %> ; �< � @� 7KLV HQVXUHV
WKH H[LVWHQFH RI E7 � %> ; �< � @ IRU HYHU\ 7 � %>0� 1 � @ ZLWK E7 M µ  7 DQG N E7N N7N�

3DUW � � 6XSSRVH 3DUW � KROGV IRU0  1 � � ,I 7  ,� WKHQ WDNH E7  (� WKH FRQWLQ�
XRXV SURMHFWLRQ ZLWK 5�(�  0 DQG N(N  ��
3DUW � � ,I WKHUH LV D FRQWLQXRXV SURMHFWLRQ ( � ; � ; ZLWK5�(�  0 DQG N(N  ��
DQG LI � � E >0d< �)@ IRU VRPH %DQDFK VSDFH < � WKHQ E��[� \�  ��([� \� IRU HYHU\

�[� \� � ; d< GHpQHV E� LQ E > ; d< �)@ VXFK WKDW E�M µ X ¶  � DQG NE�N  N�N�
3DUW � � ,W FDQ EH YHULpHG WKDW 3DUWV � DQG � HQVXUH WKH IROORZLQJ VWDWHPHQW� ,I0
LV D VXEVSDFH RI D %DQDFK VSDFH ; � DQG 0  1 � IRU VRPH %DQDFK VSDFH 1 � DQG
LI IRU HYHU\ � � E >0d1 �)@ WKHUH H[LVWV E� � E > ; d1 �)@ VXFK WKDW E�M µ X ¶  � DQG

NE�N  N�N� WKHQ IRU HYHU\ %DQDFK VSDFH < DQG HYHU\ � � E >0d< �)@ WKHUH H[LVWV
E� � E > ; d< �)@ VXFK WKDW E�M µ XO\  � DQG NE�N  N�N�
3DUW � � 7KH VWDWHPHQW RI 7KHRUHP ��� FDQ EH VKRZQ WR EH D FRUROODU\ RI 3DUW ��

7KHRUHP ��� EHORZ H[WHQGV WKH UHVXOW IURP >�@ UHVWDWHG LQ 7KHRUHP ��� E\ RoHU�
LQJ D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ� DQG VKRZLQJ WKDW WKH QRUP�RQH FRQGLWLRQ
LV UHTXLUHG IRU WKH QRUP LQHTXDOLW\ RQO\ �QRW IRU WKH H[WHQVLRQ� DQG� PRUHRYHU� 7KH�
RUHP ��� KROGV IRU ELOLQHDU PDSV LQ JHQHUDO �UDWKHU WKDQ IRU ELOLQHDU IXQFWLRQDOV��



¨�©«ªd¬�­+ªO© �(® ¨�© � ¨�¯ ��®>��® ©�ªd° �²± ° ³ � ¼

7KHRUHP ���� /HW 0 DQG 1 EH OLQHDU PDQLIROGV RI %DQDFK VSDFHV ; DQG < �
�D� (YHU\ ERXQGHG ELOLQHDU PDS � �0d1 � = LQWR DQ DUELWUDU\ %DQDFK VSDFH =
KDV D ERXQGHG ELOLQHDU H[WHQVLRQ E� � ; d< � = RYHU ; d< LI DQG RQO\ LI WKH FORVXUHV

0 ] DQG 1 ] RI 0 DQG 1 DUH FRPSOHPHQWHG VXEVSDFHV RI ; DQG < �
�E� 0RUHRYHU� LI 0 ]  5�(� DQG 1 ]  5�3 � IRU VRPH SURMHFWLRQV ( � %> ; � ; @
DQG 3 � %>< �< @ ZLWK N(N  N3N  �� WKHQ NE�N  N�N�
3URRI� �D� /HW 0 DQG 1 EH QRQ]HUR OLQHDU PDQLIROGV RI %DQDFK VSDFHV ; DQG
< � /HW 0 ] DQG 1 ] EH WKHLU FORVXUHV� 7DNH DQ DUELWUDU\ %DQDFK VSDFH = DQG DQ
DUELWUDU\ � � E >0d1 �= @� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D � � 7KHUH H[LVWV E� � E > ; d< �= @ VXFK WKDW E�M µ X ¶  ��

�D � �0 ] DQG 1 ] DUH FRPSOHPHQWHG VXEVSDFHV RI ; DQG < �
�D � ���D � �� &RQVLGHU WKH OLQHDU PDQLIROGV 0 DQG 1 � 7DNH DQ DUELWUDU\ QRQ]HUR
ERXQGHG OLQHDU IXQFWLRQDO J � 1 � ) DQG DQ DUELWUDU\ QRQ]HUR ERXQGHG OLQHDU WUDQV�
IRUPDWLRQ 7 �0� = �ZKRVH H[LVWHQFHV DUH HQVXUHG E\ WKH +DKQ^%DQDFK 7KHR�
UHP�� DQG FRQVLGHU WKH PDS � �0d1 � = GHpQHG E\

��X� Y�  J�Y�7X IRU HYHU\ �X� Y� � 0d1 �

6LQFH J DQG 7 DUH ERWK OLQHDU DQG ERXQGHG� LW LV UHDGLO\ YHULpHG WKDW � LV ELOLQHDU
DQG ERXQGHG �ZLWK N��X� Y�N x NJNN7NNYNNXN IRU HYHU\ X �0 DQG Y � 1 �� 7KXV
� � E >0d1 �= @� ,I �D � � KROGV� WKHQ FRQVLGHU LWV H[WHQVLRQ E� � E > ; d< �= @� DQG OHW
� ½ � %>0�=@ DQG E� ½ � %> ; �= @ EH WKHLU Y�VHFWLRQV IRU HDFK Y � 1 v < � 7KXV IRU
HYHU\ X �0 DQG HDFK Y � 1 �

E� ½ M µ �X�  E��X� Y�  E�M µ X ¶ �X� Y�  ��X� Y�  � ½ �X��
)L[ DQ DUELWUDU\ Y � 1 IRU ZKLFK J�Y� � � DQG VHW � � o  J�Y� � )� +HQFH

E� ½ M µ �c�  � ½ �c�  o7 �c� � %>0�= @�
7KXV o7  � ½ � %>0�= @ KDV DQ H[WHQVLRQ Fo7  E� ½ � %> ; �=@� 7KHQ WKHUH H[LVWV
E7 � %> ; �=@ IRU ZKLFK E7 M µ  7 � 6LQFH ; LV D %DQDFK VSDFH DQG VLQFH WKLV KROGV IRU
HYHU\ QRQ]HUR 7 � %>0�= @ DQG HYHU\ %DQDFK VSDFH = � WKHQ0 ] LV FRPSOHPHQWHG
�VHH� H�J�� >��� 7KHRUHP ������@�� 6LPLODUO\� E\ WDNLQJ DQ DUELWUDU\ QRQ]HUR ERXQGHG
OLQHDU IXQFWLRQDO I �0� ) DQG DQ DUELWUDU\ QRQ]HUR ERXQGHG OLQHDU WUDQVIRUPDWLRQ
6 � 1 � = � DQG GHpQLQJ � � E >0d1 �= @ E\

��X� Y�  I�X�6Y IRU HYHU\ �X� Y� � 0d1 �

WKH VDPH DUJXPHQW HQVXUHV WKDW 1 ] LV FRPSOHPHQWHG� +HQFH �D � � KROGV�
�D � ���D � �� &RQVLGHU WKH QRUPHG VSDFHV0 DQG 1 � 7KH QRUPHG VSDFHV E >0d1 �=@
DQG %>0�%> 1 �= @ @ DUH LVRPHWULFDOO\ LVRPRUSKLF IRU HYHU\ QRUPHG VSDFH =�

E >0d1 �= @ | %>0�%> 1 �=@ @�
E\ 3URSRVLWLRQ ���� ZKHUH WKH QDWXUDO LVRPHWULF LVRPRUSKLVP

 � E >0d1 �= @� %>0�%> 1 �= @ @
WKDW VHQGV DQ DUELWUDU\ � � E >0d1 �=@ WR 7   ��� LQ %>0�%> 1 �= @ @ LV JLYHQ E\
7 �X�  � ¾ � %> 1 �= @ IRU HDFK X � 0� 7KHUHIRUH

��X� Y�  7 �X��Y� IRU HYHU\ �X� Y� � 0d1 �
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6XSSRVH= LV D %DQDFK VSDFH �ZKLFK LPSOLHV WKDW %> 1 �=@ LV D %DQDFK VSDFH� LQ RUGHU
WR DOORZ H[WHQVLRQ E\ FRQWLQXLW\ RI XQLIRUPO\ FRQWLQXRXV IXQFWLRQV RQ GHQVH VHWV�

&RQVLGHU WKH H[WHQVLRQ E\ FRQWLQXLW\ H7 � %>0 ] �%> 1 �=@ @ RI 7 � %>0�%> 1 �= @ @�
)RU HDFK YHFWRU HX � 0 ] FRQVLGHU WKH H[WHQVLRQ E\ FRQWLQXLW\ H7 À �HX� � %> 1 ] �=@ RI
H7 �HX� � %> 1 �=@� GHpQLQJ D WUDQVIRUPDWLRQ H7 À � %>0 ] �%> 1 ] �= @ @ VXFK WKDW

H7 À �X��Y�  7 �X��Y� IRU HYHU\ �X� Y� �0d1 �

$SSO\LQJ WKH DERYH LVRPHWULF LVRPRUSKLF DUJXPHQW �L�H�� 3URSRVLWLRQ ���� DJDLQ�

E >0 ] d1 ] �= @ | %>0 ] �%> 1 ] �= @ @�
/HW H � E >0 ] d1 ] �= @� %>0 ] �%> 1 ] �= @ @ EH WKH QDWXUDO LVRPHWULF LVRPRUSKLVP�

6HW H�  H ] � � H7 À � LQ E >0 ] d1 ] �=@ IRU HDFK H7 À LQ %>0 ] �%> 1 ] �= @ @ VR WKDW H� Á¾  
H7 À �HX� � %> 1 ] �= @ IRU HDFK HX �0 ] � DQG VR

H��HX� HY�  H7 À �HX��HY� IRU HYHU\ �HX� HY� �0 ] d1 ] �
7KXV H��X� Y�  H7 À �X��Y�  7 �X��Y�  ��X� Y� IRU HYHU\ �X� Y��0d1 � 7KHUHIRUH

H�M µ X ¶  ��

1RZ VXSSRVH �D � � KROGV� %\ 3URSRVLWLRQ ��� WKLV PHDQV WKHUH DUH SURMHFWLRQV ( LQ
%> ; � ; @ DQG 3 LQ %>< �< @ ZLWK 5�(�  0 ] DQG 5�(�  1 ] � 6HW

E��[� \�  H��([� 3\� IRU HYHU\ �[� \� � ; d< �
$V ( � ; � ; DQG 3 �< �< DUH OLQHDU DQG ERXQGHG� DQG H� �0 ] d1 ] �= LV ELOLQ�
HDU DQG ERXQGHG� WKHQ E� � ; d< �= LV ELOLQHDU DQG ERXQGHG �L�H�� E� � E > ; d< �= @��
$OVR� DV ( DQG 3 DFW DV WKH LGHQWLW\ RQ0v5�(� DQG 1 v 5�3 �� ZH JHW �D � ��

E�M µ X ¶  H��(M µ � 3 M ¶ �  H�M µ X ¶  ��

�E� +HQFH N�N  NE�M µ X ¶ N x NE�N  NH��(�c�� 3 �c��N x NH�NN(NN3N� 0RUHRYHU�
DOWKRXJK WKHUH LV QR H[WHQVLRQ E\ FRQWLQXLW\ IRU ELOLQHDU PDSV�

NH�N  VXS���� Á¾d� µÃÂ � ���� Á ½ � ¶ Â
�E�6� Á¾ � Á ½ � �� Á¾ �"� Á ½ �  VXS���� Á¾J� µÄÂ � ���� Á ½ � ¶ Â

� ÁÅ À � Á¾ � � Á ½ � �� Á¾ �"� Á ½ �  VXS���� ¾J� µ � ���� ½ � ¶
� ÁÅ À � ¾ � � ½ � �� ¾ �"� ½ �

 VXS���� ¾J� µ � ���� ½ � ¶
� Å � ¾ � � ½ � �� ¾ �"� ½ �  VXS���� ¾J� µ � ���� ½ � ¶

�E��� ¾ � ½ � �� ¾ �"� ½ �  N�N�
7KXV N�N x NE�N x N�NN(NN3N� 7KHQ N(N  N3N  � LPSOLHV NE�N  N�N�

7KH FRQYHUVH RI 7KHRUHP ����E� IDLOV� NE�N N�N GRHV QRW LPSO\ N(N N3N ��
)RU LQVWDQFH� ( � %>5

�
�5

�
@ JLYHQ E\ (�[ � � [ � �  ��� [ � � [ � � GHpQHV D SURMHFWLRQ RQ

5
�
ZLWK N(N  

S
�� 7DNH I � %>5

�
�5@ JLYHQ E\ I��[ � � [ � ��  [ � IRU �[ � � [ � � � 5

�
VR

WKDW NIN  �� 7DNH E� � E >5
�
d5

�
�5@ JLYHQ E\ E��[� \�  I�[�I�\� IRU �[� \� � 5

�
d5

�
VR WKDW NE�N  NIN

�
� 6HW0  5�(�� 7KH UHVWULFWLRQ �  E�M µ X µ � E >0d0�5@ LV

VXFK WKDW ����� o�� ��� p��  op IRU ��� o�� ��� p� �0 DQG VR N�N  ��
,I ; DQG < DUH +LOEHUW VSDFHV� WKHQ RQH JHWV D IXOO H[WHQVLRQ ZLWK QR UHVWULFWLRQV

RQ WKH OLQHDU PDQLIROGV0 DQG 1 � DV H[SHFWHG�
&RUROODU\ ���� (YHU\ ERXQGHG ELOLQHDU PDS � �0d1 �= GHpQHG RQ WKH &DUWHVLDQ

SURGXFW RI DUELWUDU\ OLQHDU PDQLIROGV 0 DQG 1 RI DUELWUDU\ +LOEHUW VSDFHV ; DQG

< LQWR DQ DUELWUDU\ %DQDFK VSDFH = KDV D ERXQGHG ELOLQHDU H[WHQVLRQ E� � ; d< � =
RYHU ; d< VXFK WKDW NE�N  N�N�
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3URRI� �D� +LOEHUW VSDFHV DUH FRPSOHPHQWHG� 7KXV HYHU\ VXEVSDFH RI D +LOEHUW VSDFH
LV FRPSOHPHQWHG� DQG VR 7KHRUHP ����D� DSSOLHV WR HYHU\ OLQHDU PDQLIROG 0 RI D
+LOEHUW VSDFH ; DQG WR HYHU\ OLQHDU PDQLIROG 1 RI D +LOEHUW VSDFH < �
�E� ,I ; DG < DUH +LOEHUW VSDFHV� WKHQ WKH RUWKRJRQDO SURMHFWLRQV ( � %> ; � ; @ ZLWK
5�(�  0 ] DQG 3 � %>< �< @ ZLWK 5�3 �  1 ] DUH VXFK WKDW N(N  N3N  �� DQG
WKHUHIRUH NE�N  N�N E\ 7KHRUHP ����E��
([WHQVLRQV RI OLQHDU WUDQVIRUPDWLRQV �RU IRUPV� DUH QRW XQLTXH� DQG VR H[WHQVLRQV

RI ELOLQHDU PDSV DUH QRW XQLTXH �VLQFH D SURGXFW RI OLQHDU IRUPV LV D ELOLQHDU IRUP��

5HPDUN ���� &RQVLGHU WKH IROORZLQJ FODVVHV RI RSHUDWRUV RQ D %DQDFK VSDFH ; �
b Ç > ; @  j

7 � %> ; � ; @ � 5�7 � ] LV D FRPSOHPHQWHG VXEVSDFH RI ; k
�

b È > ; @  j
7 � %> ; � ; @ � 1 �7 � LV D FRPSOHPHQWHG VXEVSDFH RI ;

k
�

b> ; @  b Ç > ; @ ? b È > ; @� 6b> ; @  b Ç > ; @ > b È > ; @�
7KH FODVV b> ; @ LV ODUJH HQRXJK� ,W LQFOXGHV� IRU LQVWDQFH� WKH FODVV RI DOO FRPSDFW SHU�
WXUEDWLRQV RI VHPL�)UHGKROP RSHUDWRUV �VHH� H�J�� >��� 5HPDUN ����E�@�� $ VWUDLJKW�
IRUZDUG FRQVHTXHQFH RI 7KHRUHP ��� OHDGV WR WKH IROORZLQJ UHVXOW�

/HW 0 DQG 1 EH OLQHDU PDQLIROGV RI %DQDFK VSDFHV ; DQG < IRU ZKLFK WKHUH

DUH RSHUDWRUV 7 � 6b> ; @ v %> ; � ; @ DQG 6 � 6b>< @ v %>< �< @ VXFK WKDW

0 ]  5�7 � ] RU 0 ]  1 �7 � DQG 1 ]  5�6� ] RU 1 ]  1 �6��
DFFRUGLQJ WR ZKHWKHU 7 OLHV LQ b Ç > ; @ RU b È > ; @ DQG 6 OLHV LQ b Ç >< @ RU b È >< @�
,I � �0d1 �= LV D ERXQGHG ELOLQHDU PDS LQWR DQ DUELWUDU\ %DQDFK VSDFH =�
WKHQ WKHUH H[LVWV D ERXQGHG ELOLQHDU H[WHQVLRQ E� � ; d< �= RI � RYHU ; d< �

�� $Q $SSO LF DW LRQ W R 3U RMHF W LYH 7 HQVRU 3U RGXF W V

,I 0 DQG 1 DUH OLQHDU PDQLIROGV RI OLQHDU VSDFHV ; DQG < � WKHQ 0n 1 LV D
UHJXODU OLQHDU PDQLIROG RI WKH OLQHDU VSDFH ; n < � ,I ; n < LV HTXLSSHG ZLWK WKH
LQMHFWLYH QRUP� WKHQ 0n � 1 LV D OLQHDU PDQLIROG RI ; n � < � +RZHYHU� WKLV LV QRW
DOZD\V WKH FDVH LI ; n < LV HTXLSSHG ZLWK WKH SURMHFWLYH QRUP� 7KH QH[W FRUROODULHV
JLYH QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU0n� 1 WR EH D OLQHDU PDQLIROG RI ; n� < �
0RUHRYHU� H[WHQVLRQV RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV RQ UHJXODU OLQHDU PDQLIROGV
RI SURMHFWLYH WHQVRU SURGXFWV DOVR FRPHV DV DQRWKHU FRQVHTXHQFH RI 7KHRUHP ����

&RUROODU\ ���� /HW ; �< �= EH DUELWUDU\ %DQDFK VSDFHV� OHW 0 DQG 1 EH VXEVSDFHV

RI ; DQG <� UHVSHFWLYHO\� DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQV �

�R� 0 DQG 1 DUH FRPSOHPHQWHG LQ ; DQG < ZLWK 0  5�(� DQG 1  5�3 �
IRU SURMHFWLRQV ( � %> ; � ; @ DQG 3 � %>< �< @ VXFK WKDW N(N  N3N  ��

�D� 0n� 1 LV D OLQHDU PDQLIROG RI ; n� < �
�E� (YHU\ ERXQGHG ELOLQHDU PDS � �0d1 � = KDV D ERXQGHG ELOLQHDU H[WHQVLRQ

E� � ; d< � = ZLWK NE�N  N�N�
�F� (YHU\ ERXQGHG OLQHDU WUDQVIRUPDWLRQ 7 �0n� 1 � = KDV D ERXQGHG OLQHDU

H[WHQVLRQ H7 � ; n� < � = ZLWK N H7N  N7 N�
�G� (YHU\ ERXQGHG OLQHDU WUDQVIRUPDWLRQ 7 �0 En� 1 � = KDV D ERXQGHG OLQHDU

H[WHQVLRQ E7 � ; En� < � = ZLWK N E7N  N7N�
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7KH DERYH DVVHUWLRQV DUH UHODWHG DV IROORZV �

�R�  � �D�E�� �D�E��� �F��� �G��

3URRI� /HW ; �< �= EH DUELWUDU\ %DQDFK VSDFHV�
�R�  � �D�E�� ,I �R� KROGV� WKHQ DFFRUGLQJ WR 3URSRVLWLRQ ��� DQG 7KHRUHP ����

�D� 0n� 1 LV D OLQHDU PDQLIROG RI ; n� <
�RU� HTXLYDOHQWO\�0n� 1 LV D VXEVSDFH RI ; n� <�� DQG

�E� HYHU\ � � E >0d1 �= @ LQWR DQ DUELWUDU\ %DQDFK VSDFH = KDV DQ H[WHQVLRQ
E� � E > ; d< �=@ ZLWK NE�N  N�N�

�D�E� �� �F� �� �G�� (DFK H[WHQVLRQ LQ �F� RU �G� RQO\ PDNHV VHQVH LI �D� KROGV�
$FFRUGLQJ WR 3URSRVLWLRQ ���

%> ; n� < �= @ | E > ; d< �= @�
7KH QDWXUDO LVRPHWULF LVRPRUSKLVP EHWZHHQ WKHP�

- � %> ; n� < �= @� E > ; d< �= @
VXFK WKDW �  - �6� IRU 6 � %> ; n� < �= @ DQG � � E > ; d< �= @� LV JLYHQ E\
��[� \�  - �6��[� \�  6�[n \� DQG VR 6�[n \�  - ] � ����[n \�  ��[� \�

IRU HYHU\ �[� \� � ; d< � %\ 7KHRUHP ����D� 0 DQG 1 DUH FRPSOHPHQWHG LI DQG

RQO\ LI HYHU\ � LQ E >0d1 �= @ KDV DQ H[WHQVLRQ E� LQ E > ; d< �= @� 7KXV LQ WKLV FDVH
ZLWK 7 LQ %>0n� 1 �= @ DQG H7 LQ %> ; n� < �=@ EHLQJ WKH LVRPHWULFDOO\ LVRPRUSKLF
LPDJHV RI � LQ E >0d1 �=@ DQG E� LQ E > ; d< �= @�

7 | �  E�M µ X ¶ DQG E� | H7 �
$V WKH UHVWULFWLRQ H7 M µ § �I¶ � %>0n� 1 �=@ RI H7 � %> ; n� < �= @ WR 0n� 1 RQO\

PDNHV VHQVH LI �D� KROGV� WKHQ LQ WKLV FDVH ZLWK �  - �7 � DQG E�  - � H7 ��
7 �Xn Y�  - ] � ����Xn Y�  ��X� Y�  E�M µ X ¶ �X� Y�  E��X� Y�  - � H7 ��X� Y�

 H7 �Xn Y�  H7 M µ § �"¶ �Xn Y� IRU HYHU\ �Xn Y� � 0n� 1 �

7KHUHIRUH 7 �]�  H7 M µ § �I¶ �]� IRU HYHU\ ] 3 �
X
�
n Y

�
�0n� 1 � +HQFH

E�M µ X ¶  � LPSOLHV H7 M µ § �I¶  7�

7KXV LI HYHU\ � � E >0d1 �= @ KDV DQ H[WHQVLRQ E� � E > ; d< �= @ DQG �D� KROGV�
WKHQ HYHU\ 7 � %>0n� 1 �= @ KDV DQ H[WHQVLRQ H7 � %> ; n� < �=@�

$ V\PPHWULF DUJXPHQW HQVXUHV WKH FRQYHUVH�

LI HYHU\ 7 � %>0n� 1 �= @ KDV DQ H[WHQVLRQ H7 � %> ; n� < �= @� WKHQ HYHU\

� � E >0d1 �= @ KDV DQ H[WHQVLRQ E� � E > ; d< �= @ DQG �D� KROGV �
6XSSRVH HLWKHU �F� RU �G� KROGV� DQG VR �D� KROGV� 7KXV WKH FRPSOHWLRQV0 En� 1 RI

0n� 1 DQG ; En� < RI ; n� < DUH VXFK WKDW0 En� 1 LV D VXEVSDFH RI ; En� < � 6LQFH
= LV D %DQDFK VSDFH�

%>0 En� 1 �=@ | %>0n� 1 �= @ DQG %> ; En� < �= @ | %> ; n� < �= @�
$JDLQ� OHW 7 LQ %>0 En� 1 �= @ EH WKH H[WHQVLRQ RYHU FRPSOHWLRQ RI 7 LQ %>0n� 1 �=@
VR WKDW 7 | 7 � DQG OHW E7 LQ %> ; En� < �=@ EH WKH H[WHQVLRQ RYHU FRPSOHWLRQ RI H7 LQ
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%> ; n� < �= @ VR WKDW E7 | H7 � ([WHQVLRQV RYHU FRPSOHWLRQV DUH XQLTXH XS WR LVRPHWULF
LVRPRUSKLVP� 7KHQ E7 LQ %> ; En� < �=@ H[WHQGV 7 LQ %>0 En� 1 �=@ LI DQG RQO\ LI H7
LQ %> ; n� < �= @ H[WHQGV 7 LQ %>0n� 1 �= @�

H7 M µ § �I¶ | E7 M µÌË§ � ¶  7 | 7 DQG E7 M µÍË§ � ¶ | H7 M µ § �I¶  7 | 7 �

+HQFH HYHU\ 7 �%>0 En� 1 �= @ KDV DQ H[WHQVLRQ E7 �%> ; En� < �= @ LI DQG RQO\

LI HYHU\ 7 � %>0n� 1 �= @ KDV DQ H[WHQVLRQ H7 � %> ; n� < �=@�
$OVR� VLQFH E� | H7 � � | 7 � H7 | E7 � DQG 7 | 7 � LI RQH RI WKH QRUPV �E�� �F�� RU �G�
FRLQFLGH� WKHQ VR GRHV WKH RWKHUV�

$ SDUWLFXODU FDVH ZLWK D UDWKHU VLPSOLpHG VWDWHPHQW LV LPPHGLDWHO\ REWDLQHG E\
p[LQJ =  ) LQ &RUROODU\ ��� DV IROORZV� �7KLV H[WHQGV >��� 3URSRVLWLRQ ����@��
&RUROODU\ ���� ,I 0 DQG 1 DUH VXEVSDFHV RI %DQDFK VSDFHV ; DQG <� WKHQ WKH

IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW �

�D� 0n� 1 LV D OLQHDU PDQLIROG RI ; n� < �
�E� (YHU\ ERXQGHG ELOLQHDU IRUP � �0d1 � ) KDV D ERXQGHG ELOLQHDU H[WHQVLRQ

E� � ; d< � ) ZLWK NE�N  N�N�
�F� (YHU\ ERXQGHG OLQHDU IRUP I �0n� 1 � ) KDV D ERXQGHG OLQHDU H[WHQVLRQ

HI � ; n� < ZLWK N HIN  NIN�
�G� (YHU\ ERXQGHG OLQHDU IRUP I �0 En� 1 � ) KDV D ERXQGHG OLQHDU H[WHQVLRQ

EI � ; En� < � ) ZLWK N EIN  NIN�
3URRI� ,I �E� KROGV� WKHQ WKH VHW RI DOO ELOLQHDU IRUPV LQ E >0d1 �)@ ZLWK QRUP OHVV
WKDQ � LV LQFOXGHG LQ WKH VHW RI DOO UHVWULFWLRQV WR 0d1 RI DOO ELOLQHDU IRUPV LQ
E > ; d< �)@ ZLWK QRUP OHVV WKDW �� 7KHQ E\ 3URSRVLWLRQ ���

N]N µ § �I¶ x VXS��Î��$¡ � � Î �O¸I¹ WNXO\�� º�»
ppp
; �

��X
�
� Y
�
�
ppp  N]N W § � \ �

6LQFH N]N W § � \ x N]N µ § � ¶ � WKHQ N]N µ § � ¶  N]N W § � \ ZKLFK LV HTXLYDOHQW WR
�D�� 6R �E� LPSOLHV �D�� &RQYHUVHO\� �D� LPSOLHV �F� E\ WKH +DKQ^%DQDFK 7KHRUHP�

$OVR� �F� LPSOLHV �E� DQG �F� LV HTXLYDOHQW WR �G� E\ &RUROODU\ ����

$FFRUGLQJ WR &RUROODU\ ���� LQ D +LOEHUW�VSDFH VHWWLQJ HDFK DVVHUWLRQ LQ &RUROODULHV
��� DQG ��� KROGV WUXH�
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