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ON EXTENSIONS OF BILINEAR MAPS

C.S. KUBRUSLY

ABSTRACT. The paper deals with extension of bounded bilinear maps. It gives
a necessary and sufficient condition for extending a bounded bilinear map on
the Cartesian product of subspaces of Banach spaces. This leads to a full char-
acterization for extension of bounded bilinear maps on the Cartesian product
of arbitrary subspaces of Hilbert spaces. Applications concerning projective
tensor products are also investigated.

1. INTRODUCTION

The purpose of this paper is to prove an extension result for bilinear maps. This
will be presented in Theorem 5.2. It gives a necessary and sufficient condition for a
bounded bilinear map to be extended from the Cartesian product M xA of linear
manifolds M and A of Banach spaces X and ) to the Cartesian product X x) of
the Banach spaces. Such conditions are imposed on the linear manifolds only. This
leads to a complete unconditional statement for the extension of bounded bilinear
maps acting on the Cartesian product of subspaces of Hilbert spaces. Applications
related to extensions of bounded linear transformations on projective tensor prod-
ucts are considered as well.

The paper is organized as follows. Notation and terminology are set in Section 2.
A brief review on the bilinear extension problem is considered in Section 3. Auxiliary
results required in the sequel are brought together in Section 4. The main results
are treated in Section 5, followed by an application in Section 6.

2. NOTATION AND TERMINOLOGY

In the present context the terms forms and functionals, bounded linear and
continuous linear, bounded bilinear and continuous bilinear, are pairwise synonyms
and we use both forms freely; and F denotes either the real or the complex field.

All linear spaces are over the same field F. Let X', ), Z be nonzero linear spaces.
A bilinear map ¢: XxY — Z is a function from the Cartesian product X' x) of lin-
ear spaces to a linear space Z whose sections are linear transformations. In other
words, let ¢¥ = @(-,y) = ¢|xx{y1: X — Z be the y-section of the bilinear map ¢ and
let ¢ = ¢(x,-) = Pl{z3xy: Y — Z be the z-section of ¢. These functions ¢¥ and
¢, are linear transformations. From now on suppose X, ), Z are normed spaces. If
two normed spaces X and ) are isometrically isomorphic, and if y € ) is the iso-
metrically isomorphic image of x € X', then write X = ) and = & y. By a subspace
M of a normed space X we mean a closed linear manifold of X (equipped with the
norm inherited from X'). If M is a linear manifold of X, then M~ will denote its
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closure in X'. A bilinear map is bounded if supg_s,e x, 0£yey W is finite. In this
case set [|¢] = supg s e, 0zyey TamDl so that [é(x,y)|l < [|6] ]| [yl for every

(z,y) € XxY. This defines a norm on the linear space of all bounded bilinear maps.

A bilinear map is continuous (regarding the product topology in X' x}) if and
only if it is bounded. Let b[X' x Y, Z] denote the normed space of all bonded bilinear
maps ¢: Xx)Y — Z, and let B[X, )] denote the normed space of all bounded linear
transformations T: X — Y. The range of T' € B[X, Y] (notation: R(T) = T(X) =
range (T)) is a linear manifold of ), and its kernel (notation: N (T) = T~'({0}) =
kernel (T')) is a subspace of X. Let X'*= B[X,F] be the dual of X. If one of X or
Y is a Banach space, then ¢ lies in b[X'x), Z] if and only if ¢¥ lies in B[X, Z] and
¢y lies in B[Y, Z]. Both b[X'xY, Z] and B[X, Z] are Banach spaces if and only if Z
is. (For properties on bounded bilinear maps see, e.g., [6, Section 1.1, p.8].)

The algebraic tensor product of linear spaces X and ) is a linear space X ® Y
associated with a bilinear map 0: Xx) — X ® ) whose range spans X ® ) with
the following property: for every linear map ¢: X'x) — Z into any linear space Z
there exists a (unique) linear transformation ®: X ® Y — Z for which the diagram

xxy -2, z

N
Xe)y

commutes. Set z ® y = 0(x,y) for each (x,y) € Xx). These are the single tensors.
An element f in X @ Y is a finite sum ) _,z; ® y; of single tensors. (For an expo-
sition on algebraic tensor products see, e.g., [15].)

Let X and )Y be normed spaces. Two reasonable crossnorms on X ® ) are the
injective || - ||, and projective || - ||, norms, which are given by

IF 1l = sup S f) ow)

IF1<1, lgll<1, Fex™, gey
Fl,= inf ; ;
I#1, {z:} Avi}, F=%,2:@y; ZiH ill flysll

for every F = ZZ:L"@ Ry € X®Y. Let X®,Y and X ®,Y denote a tensor product
space X ® Y equipped with || - ||, or || - || .. Their completions, denoted by X ® Y
and X @Ay, are referred to as the injective and projective tensor products. (For
expositions on the Banach spaces X ®_Y and X@Ay see, e.g., [10], [6], [18], [8].)

)

3. PRELIMINARIES
A very brief review of previous results on bilinear extension under restrictions.

Let X,), Z be normed spaces over the same field and let M and A be linear man-
ifolds of X and ), respectively. Although there is no Hahn—Banach Theorem for
bilinear functionals, variants of it may hold if extra assumptions are imposed. Con-
sider the general case of a bilinear map ¢: MxN — Z taking Vglues in a Banach
space Z rather than in F. Having in mind the extension of ¢ to ¢: X x)Y — Z act-
ing on X' X)), extra assumptions may be placed on any of the four players involved,
namely, the normed spaces X and Y, the linear manifolds M and N, the bounded
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bilinear map ¢, and the Banach space Z. The first goal in the present paper is to
generalize an extension for bounded bilinear forms proposed in [9], which will be
discussed in Section 5. Other ways to face the bounded bilinear extension problem
was to assume X =) and Z =TF (i.e., bilinear or multilinear forms rather than
maps). Quite often it is assumed M = N. Along this line, the role played by the
embedding of M into X was analyzed in [4]; the case of X = L' was presented in [5],
[7]; properties of the bilinear (multilinear) form itself were investigated in [11]; the
restriction operator taking bounded bilinear forms on X'x X" into bounded bilinear
forms into M x M was considered in [3]; a characterization of the sequence space cg
in terms of extendible bilinear forms was given [2]; and a necessary and sufficient
condition for bilinear forms to be extendible was presented in [1] making a connec-
tion with an integral representation of bounded bilinear functionals identified with
bounded linear functionals on the injective tensor product (see, e.g., [8, Proposi-
tion 1.1.21]). All these were done for bilinear (multilinear) forms (rather than for
Z-valued bilinear maps), having in mind the quest for conditions (or particulariza-
tions) ensuring Hahn-Banach type results for continuous bilinear functionals.

4. AUXILIARY RESULTS

A subspace of a normed space is complemented if it has a subspace as an al-
gebraic complement. A normed space is complemented if every subspace of it is
complemented. If a Banach space is complemented, then it is isomorphic (i.e., topo-
logically isomorphic) to a Hilbert space, and so complemented Banach spaces are
identified with Hilbert spaces [16] (see also [12]). We will need the following well-
known results, one on complemented subspaces and the other on bilinear maps.

Proposition 4.1. Let M be a subspace of an normed space X. If there exists a
continuous projection E: X — X with R(E) = M, then M is complemented. The
converse holds if X is a Banach space.

Proof. See, e.g., [14, Remark A.4] among many others. |
Proposition 4.2. For an arbitrary triple (X,Y, Z) of normed spaces,
blAxY, Z] = B[X,B[Y, Z]].
Proof. For Z =T and with = standing for isometric isomorphism we get
X XY, F] = B[X,YV*].
See [6, Section 1.4, p.9]. An extension from F to Z follows the same argument. [

If M and N are subspaces of Banach spaces X’ and ), then M@ N is a linear
manifold of X ® Y, and consequently M @VN is a subspace of the injective tensor
product X ®_). In general, this fails for the projective norm | - ||, of the projective
tensor product X@Ay. Indeed, as is readily verified, [|F ||xg,y < [[F Mo for
every F in M®,N, the inequality may be strict, and M® N is a subspace of
X®,Y if and only if ||F|lxe,y = [|Fllmew for every Fin M@N. We will need
the following well-known results on projective tensor products.

Proposition 4.3. Suppose M and N are complemented subspaces of Banach spaces
X and Y, respectively. If M@ N is a linear manifold of the normed space X ®,Y,
then it is a subspace. If M =R(E) and N =R(P) for projections E in B[X,X]
and P in B[V, Y] with ||E| = |P|| = 1, then M@ ,N is a linear manifold of X ®.).
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Proof. See, e.g., [18, Proposition 2.4]. |
Proposition 4.4. For an arbitrary triple (X,Y, Z) of Banach spaces,

blXxY, 2| = BX® Y, 2.
Proof. This is the universal mapping principle. See, e.g., [8, Theorem 1.1.8]. |

Proposition 4.5. An alternate expression for the projective norm:

Z (b xhyz

Proof See, e.g., [18, p.23]. This follows in part by Proposition 4.4 and the fact that,
if X is a completion of X and Z is a Banach space, then B[X, Z] = B[X, Z]. Hence

b[A XY, F| = (X®Ay)* =2 (XRY)". |

for every F = Z-Ii Ry € X®,V.
lloll<1, ¢€b[Xxy]F ’

5. AN EXTENSION FOR BOUNDED BILINEAR MAPS

If one imposes appropriate restrictions on the linear manifolds M and A of X
and Y, then we get (i) the next extension result for bounded bilinear forms due to
[9], and (ii) an extension of it for bilinear maps as in the subsequent theorem.

Theorem 5.1. [9, Corollary 2. If M and N are subspaces of Banach spaces X
and Y, respectively, and if there exists a projection of norm one of X onto M and
a projection of norm one of Y onto N, then every bounded bilinear functional on
MXN can be extended to X x) with the same norm.

It is convenient to summarize Hayden’s original proof.
A Sketch of Proof of Theorem 5.1 [9].

Part 1. Let M and N be subspaces of Banach spaces X and ) such that for every
¢ € BMxN,F] there is ¢ € b[X'xY,F] for which ¢|pxn = ¢ and ||| = ||¢|. By
Proposition 4.2, M xN,F] = B[M,N*] and b[XxY,F| = B[X, Y*]. This ensures
the existence of T € BX, Y*] for every T € B]M,N*| with T| =T and | T| = ||T|.

Part 2. Suppose Part 1 holds for M = N* If T' = I, then take T = E, the contin-
uous projection with R(E) = M and ||E|| = 1.

Part 3. If there is a continuous projection E: X — X with R(F) = M and |E|| = 1,
and if ¢ € BIM XY, F] for some Banach space ), then ¢(x y) = QS(EJU y) for every
(z,y) € XxY defines ¢ in b[XxY,F] such that ¢|rxn = ¢ and ||| = [|]|.

Part 4. Tt can be verified that Parts 2 and 3 ensure the following statement. If M
is a subspace of a Banach space X', and M = A* for some Banach space N, and
if for every ¢ € b M XN, F] there exists = b[X XN, F] such that $|M><N ¢ and
H(;SH = [[¢]|, then for every Banach space ) and every ¢ € b[MxY,F] there exists
6 € bXxY, F] such that lixy = ¢ and 3] = |6l

Part 5. The statement of Theorem 5.1 can be shown to be a corollary of Part 4. [J

Theorem 5.2 below extends the result from [9] restated in Theorem 5.1 by offer-
ing a necessary and sufficient condition, and showing that the norm-one condition
is required for the norm inequality only (not for the extension) and, moreover, The-
orem 5.2 holds for bilinear maps in general (rather than for bilinear functionals).
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Theorem 5.2. Let M and N be linear manifolds of Banach spaces X and Y.

(a) Every bounded bilinear map (;AS: MXN — Z into an arbitrary Banach space Z
has a bounded bilinear extension ¢: X xY — Z over X XY if and only if the closures
M~ and N~ of M and N are complemented subspaces of X and ).

(b) Moreover, if M~ =TR(E) and N~ =R(P) for some projections E € B[X, X]
and P € BY, Y] with |[E|| = |P|| =1, then ||| = |4

Proof. (a) Let M and N be nonzero linear manifolds of Banach spaces X' and

Y. Let M~ and N~ be their closures. Take an arbitrary Banach space Z and an
arbitrary ¢ € bMxN, Z]. The following assertions are equivalent.

(a1) There exists QAS € b[XxY, Z] such that QAS\MxN: o.
(ag) M~ and N~ are complemented subspaces of X and Y.

(a1) =>(ag). Consider the linear manifolds M and A. Take an arbitrary nonzero
bounded linear functional g: N'— F and an arbitrary nonzero bounded linear trans-
formation T: M — Z (whose existences are ensured by the Hahn-Banach Theo-
rem), and consider the map ¢: MxN — Z defined by
é(u,v) = g(v)Tu  for every (u,v) € MxN.

Since g and T are both linear and bounded, it is readily verified that ¢ is bilinear
and bounded (with ||¢(u, v)|| < ||lgllIIT||||v]/||u|| for every u € M and v € N). Thus
¢ € bIMxN, Z]. If (a1) holds, then consider its extension ¢ € b[X'xY, Z], and let

~

¢v € B[M, Z] and ¢ € B[X, Z] be their v-sections for each v € A/ C ). Thus for
every u € M and each v € NV,

6" () = 9(u,v) = Blatxar(u,v) = d(u,v) = ¢"(u).
Fix an arbitrary v € N for which g(v) # 0 and set 0 # a = g(v) € F. Hence
¢*lm() = ¢"() = aT() € BIM, Z].
Thus aT = ¢¥ € B[M, Z] has an extension ol = ¢* € B[X, Z]. Then there exists
T € B[X, Z] for which T|y = T. Since X is a Banach space and since this holds for
every nonzero T' € B|M, Z] and every Banach space Z, then M~ is complemented
(see, e.g., [17, Theorem 3.2.17]). Similarly, by taking an arbitrary nonzero bounded

linear functional f: M — [ and an arbitrary nonzero bounded linear transformation
S: N— Z, and defining ¥ € bJMxN, Z] by

Y(u,v) = f(u)Sv for every (u,v) € MxN,
the same argument ensures that A/~ is complemented. Hence (ag) holds.

(az) =(az). Consider the normed spaces M and N. The normed spaces bM XN, Z]
and B[M, B[N, Z]] are isometrically isomorphic for every normed space Z,

bIMxN, Z]| = BIM, B[N, Z]],
by Proposition 4.2, where the natural isometric isomorphism
S: bIMXN, Z] — BIM, BN, Z]]

that sends an arbitrary ¢ € bMxN, Z] to T = J(¢) in B[M, B[N, Z]] is given by
T(u) = ¢y € BN, Z] for each u € M. Therefore

o(u,v) = T(u)(v) forevery (u,v) € MxN.
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Suppose Z is a Banach space (which implies that B[\, Z] is a Banach space) in order
to allow extension by continuity of uniformly continuous functions on dense sets.
Consider the extension by continuity 7' € BIM™, BN, Z]] of T € BIM, B[N, Z]].
For each vector & € M~ consider the extension by continuity 7~ (%) € BN, Z] of
T(u) € B[N, Z], defining a transformation T~ € B[M~, BN, Z]] such that
T~(u)(v) = T(u)(v) for every (u,v) € MxN.
Applying the above isometric isomorphic argument (i.e., Proposition 4.2) again,
bM =N, Z| = BIM", BN, Z]].
Let §: bJMxN ", Z] — B[M~, B[N, Z]] be the natural isometric isomorphism.
Set ¢ = S7H(T~) in M ™N, Z] for each T~ in BIM~, BN, Z]] so that ¢z =
T~(u) € BN, Z] for each & € M~, and so
o(,0) =T~ (@) @) for every (u,7) € M XN
Thus ¢(u,v) = T~ (u)(v) = T(u)(v) = ¢(u,v) for every (u,v) € MxN. Therefore

g‘/\/{x/\f = ¢.

Now suppose (ag) holds. By Proposition 4.1 this means there are projections E in
B[X,X] and P in B[Y,Y] with R(E) = M~ and R(E) = N . Set

o~ ~

o(z,y) = (Ex, Py) for every (z,y) € XxY.

As F: X — X and P:yA—OJ are linear and bounded, and (Z:/\/l_x./y_ — Z is bilin-
ear and bounded, then ¢: Xx) — Z is bilinear and bounded (i.e., ¢ € b[X'x), Z]).
Also, as E and P act as the identity on M C R(E) and N C R(P), we get (a;):

(E‘MXN = g(E|MaP|N) = g‘MxN = ¢.

(b) Hence [[¢] = [[olaxnl < [0l = [¢(EC), PO < [l IE][]| Pl Moreover,
although there is no extension by continuity for bilinear maps,

1T~ @@ _ 1T~ ()]

Il = sup 7”|ﬁ~fﬁ|’|?n” = sup el sup Tallol
0£UEM —, 0£TEN — 0Z£UEM —, 0£TEN — 0Z£ueM, 0£veN
_ IT (@) _ létun)ll
= sup T = sup = ol
osuertozveny TN = o ool pen T I
Thus [[¢[| < ||8] < [[[[[[E][|P]]. Then [[E| = |[P| =1 implies [|¢[| = ] a

The converse of Theorem 5.2(b) fails: ||<;A5H = ||¢|| does not imply || E| =P =1.
For instance, E € B[R? R?] given by E(z1, ) = (0,21 + x3) defines a projection on
R? with ||[E| = V2. Take f € B[R?,R] given by f((x1,23)) = x for (x1,23) € R? so
that || f|| = 1. Take 6 b[R?xR% R] given by d(z,y) = f(z) f(y) for (z,y) € R?xR?
so that H(;ASH = ||f|[?. Set M = R(E). The restriction ¢ = (;AS\MxM € bIMxM,R] is
such that ¢((0,«), (0,0)) = af for (0,a), (0,5) € M and so ||¢|| = 1.

If X and Y are Hilbert spaces, then one gets a full extension with no restrictions
on the linear manifolds M and N, as expected.

Corollary 5.3. Every bounded bilinear map ¢: MxN — Z defined on the Cartesian
product of arbitrary linear manifolds M and N of arbitrary Hilbert spaces X and
Y into an arbitrary Banach space Z has a bounded bilinear extension ¢: X XY — Z

over Xx) such that HQASH = |lo].
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Proof. (a) Hilbert spaces are complemented. Thus every subspace of a Hilbert space
is complemented, and so Theorem 5.2(a) applies to every linear manifold M of a
Hilbert space X and to every linear manifold N of a Hilbert space Y.

(b) If X ad ) are Hilbert spaces, then the orthogonal projections E € B[X, X] with
R(E) =M~ and P € B[Y,Y] with R(P) = N~ are such that |E| = ||P|| = 1, and
therefore ||¢|| = ||¢|| by Theorem 5.2(b). O

Extensions of linear transformations (or forms) are not unique, and so extensions
of bilinear maps are not unique (since a product of linear forms is a bilinear form).

Remark 5.4. Consider the following classes of operators on a Banach space X.
Pr[X] ={T € B[X,X]: R(T)" is a complemented subspace of X'},
In[X] = {T € B[X,X]: N(T) is a complemented subspace of X'},
PX] =TrX]NTN[X],  ST[X]=Tg[X]UTN[X].
The class I'|X] is large enough. It includes, for instance, the class of all compact per-

turbations of semi-Fredholm operators (see, e.g., [13, Remark 5.1(b)]). A straight-
forward consequence of Theorem 5.2 leads to the following result.

Let M and N be linear manifolds of Banach spaces X and Y for which there
are operators T € ST'[X] C B[X,X] and S € ST[Y] C B[V, Y] such that

M =R(T)” or M—=N(T) and N =R(S)” or N™=N(5),
according to whether T lies in T'g[X] or I'y[X] and S lies in T'g[Y] or Tn[V].

If ¢: MXN — Z is a bounded bilinear map into an arbitrary Banach space Z,
then there exists a bounded bilinear extension ¢: XxXY — Z of ¢ over X' x).

6. AN APPLICATION TO PROJECTIVE TENSOR PRODUCTS

If M and N are linear manifolds of linear spaces X and ), then M ® N is a
regular linear manifold of the linear space X @ Y. If X ® Y is equipped with the
injective norm, then M® A is a linear manifold of X ®,). However, this is not
always the case if X ® ) is equipped with the projective norm. The next corollaries
give necessary and sufficient conditions for M ®, A to be a linear manifold of X ®, ).
Moreover, extensions of bounded linear transformations on regular linear manifolds
of projective tensor products also comes as another consequence of Theorem 5.2.

Corollary 6.1. Let X,), Z be arbitrary Banach spaces, let M and N be subspaces
of X and Y, respectively, and consider the following assertions.
(0) M and N are complemented in X and Y with M = R(E) and N = R(P)
for projections E € B{X,X] and P € B]Y,Y] such that |[E| = || P| = 1.
(a) MQWN is a linear manifold of X®,).

(b) Every bounded bilinear map ¢: MxN — Z has a bounded bilinear extension
61 XxY — Z with 9] = |||

(¢c) Every bounded linear transformation T': M@N — Z has a bounded linear
extension T: X ®,Y — Z with |T|| = ||T|.

(d) Every bounded linear transformation T M@)AN’H Z has a bounded linear
extension T': X® Y — Z with IT| = IT).
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The above assertions are related as follows:
(o) = (a,b), (a,b) <= (c) <= (d).
Proof. Let X,), Z be arbitrary Banach spaces.
(o) = (a,b). If (o) holds, then according to Proposition 4.3 and Theorem 5.2,

(a) M®N is a linear manifold of X ® Y
(or, equivalently, M ®, N is a subspace of ¥ ®,Y), and

(b) every ¢ € blMxN, Z] into an arbitrary Banach space Z has an extension
¢ € bXxY, Z] with [|4] = 4]
(a,b) <= (¢) <= (d). Each extension in (c) or (d) only makes sense if (a) holds.
According to Proposition 4.4
BX®.Y, Z] = blXxY, Z].
The natural isometric isomorphism between them,
J:BX®Y, 2] = blXXY, Z]

such that ¢ = J(S) for S € BlX®,), Z] and ¢ € b[X'x).Z], is given by
U(@,y) =T (S)(w,y) =S@x®@y) andso S(x@y) =T (¥)(z@y) ==,y
for every (z,y) € XxY. By Theorem 5.2(a) M and N are complemented if and
only if every ¢ in bJMxN, Z] has an extension ¢ in b[Xx), Z]. Thus in this case

with T in BIM@,N, Z] and T in B[X ®,Y, Z] being the isometrically isomorphic
images of ¢ in JMxN, Z] and ¢ in b[XxY, Z],

T~¢=¢lmun and ¢=T.

As the restriction T\M@)AN € BIM®N,Z] of T € BIX®,Y, Z] to M®,N only
makes sense if (a) holds, then in this case with ¢ = 7 (T') and b= J(T),

Twev) = T () (u@v) = 6(u,v) = p|rin(u,0) = (u,v) = T(T)(u,0)

=Tuwev)=T|mgn(u@v) forevery (u®@v)e MeN.
Therefore T(F) = T| a4 g (F) for every F =3 u; ® v; € M®,N. Hence
a‘MX/\[ =¢ implies T|M®AN =T.
Thus if every ¢ € bIMXN, Z] has an extension (;AS € b[XxY, Z] and (a) holds,
then every T € BIM® N, Z] has an extension T € B[X®,Y, Z].

A symmetric argument ensures the converse:

if every T € BIM®,N, Z] has an extension T € BJX®,Y, Z], then every
¢ € bJMxN, Z] has an extension ¢ € b|[X'x), Z] and (a) holds.

Suppose either (c) or (d) holds, and so (a) holds. Thus the completions M@AN of
M@N and X@Ay of X®,Y are such that M@AN is a subspace of X@)Ay. Since
Z is a Banach space,

BIM® N, 2] = BMeN,Z] and BX® Y, 2]=BXeV, 2.

Again, let T in B]M @AN , Z] be the extension over completion of T in BJM@ N, Z]
so that T2 T, and let T in B[X @Ay, Z] be the extension over completion of T in
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B[X®,Y, Z] so that T = T. Extensions over completions are unique up to isometric
isomorphism. Then T in B[X @Ay, Z] extends T in B]M @AN, Z] if and only if T
in BX®,Y, Z] extends T in BIM N, Z]:

f|M®ANgT\|M®AN:T§T and T\‘M®AN§T|M®AN:T§T

Hence every T € BIM® N, Z] has an extension TeBlx ®.Y, 2] if and only
if every T € BIM®,N, Z] has an extension T € B[X®,Y, Z).

Also, since (;AS% 7~“, o=T, T = T, and T = T, if one of the norms (b), (c), or (d)
coincide, then so does the others. O

A particular case with a rather simplified statement is immediately obtained by
fixing Z =T in Corollary 6.1 as follows. (This extends [18, Proposition 2.11]).

Corollary 6.2. If M and N are subspaces of Banach spaces X and Y, then the
following assertions are pairwise equivalent.

(a) M@ N is a linear manifold of X ®,Y.

(b) Every bounded bilinear form ¢: MxN — F has a bounded bilinear extension
¢: XY — F with ||¢]] = [¢].

(c) Every bounded linear form f: M@N — F has a bounded linear extension
feXxey with |f|| =[f].

(d) Every bounded linear form 7 M@ANH F has a bounded linear extension
FrX8Y —F with || f]| = |7l

Proof. 1f (b) holds, then the set of all bilinear forms in M xN,F| with norm less
than 1 is included in the set of all restrictions to MxN of all bilinear forms in
b[X'x),F] with norm less that 1. Then by Proposition 4.5

< L ay.
IFlmen < sup |37 s v)

= [IFllxe,y-
I$1I<1, peblx x V.F)

Since [|F |x e,y < [|F Ime,n» then |[Fllmen = |F |x e,y which is equivalent to
(a). So (b) implies (a). Conversely, (a) implies (c) by the Hahn—Banach Theorem.
Also, (c) implies (b) and (c) is equivalent to (d) by Corollary 6.1. |

According to Corollary 5.3, in a Hilbert-space setting each assertion in Corollaries
6.1 and 6.2 holds true.

REFERENCES

1. A. Bowers, Representation of extendable bilinear forms, Math. Slovaca 60 (2015), 1123-1136.

2. D. Carando and P. Sevilla-Peris, Extendibility of bilinear forms on Banach sequence spaces,
Israel J. of Math. 199 (2014), 941-954.

3. J.M.F. Castillo, R. Garcia, A. Defant, D.Pérez-Garcia, and J. Sudrez, Local complementation
and the extension of bilinear mappings, Math. Proc. Camb. Phil. Soc. 152 (2012), 132-166.

4. J.M.F. Castillo, R. Garcia, and J.A. Jaramillo, Extension of bilinear forms on Banach spaces,
Proc. Amer. Math. Soc. 129 (2001), 3647-3656.

5. J.MLF. Castillo, R. Garcia, and J.A. Jaramillo, Eztension of bilinear forms from subspaces of
L1-spaces, Ann. Acad. Sci. Fenn. Math. 27 (2002), no. 2, 91-96.

6. A. Defant and K. Floret, Tensor Norms and Operator Ideals, North-Holland, Amsterdam,
1993.

7. A. Defant, D. Garcia, M. Maestre, and D. Pérez-Garcia, Fxtension of multilinear forms and
polynomials from subspaces of L1-space, Houston J. Math. 33 (2007), 839-860.



10

10.
11.

12.

13.
14.

15.

16.

17.
18.

C.S. KUBRUSLY

. J. Diestel, J.H. Fourie, and J. Swart, The Metric Theory of Tensor Products — Grothendieck’s
Résumé Revisited, American Mathematical Society, Providence, 2008.

. T.L. Hayden, The extension of bilinear functionals, Pacific J. Math. 22 (1967), 99-108.

H. Jarchow, Locally Convex Spaces, B.G. Teubner, Stuttgart, 1981.

H. Jarchow, C. Palazuelos, D. Pérez-Garcia, and 1. Villanueva, Hahn—Banach extension of

multilinear forms and summability, J. Math. Anal. Appl. 336 (2007), 1161-1177.

N.J. Kalton, The complemented subspace problem revisited, Studia Math. 188 (2008), 223—

257.

C.S. Kubrusly, Range-kernel complementation, Studia Sci. Math. Hungar. 55 (2018), 327-344.

C.S. Kubrusly, Spectral Theory of Bounded Linear Operators, Birkhdauser-Springer-Switzer-

land, Cham, 2020.

C.S. Kubrusly, Algebraic tensor products revisited: Aziomatic approach, Bull. Malays. Math.

Sci. Soc. 44 (2021), 2335-2355.

J. Lindenstrauss and L. Tzafriri, On the complemented subspaces problem, Israel J. Math. 9

(1971), 263-269.

R.E. Megginson, An Introduction to Banach Space Theory, Springer, New York, 1998.

R.A. Ryan, Introduction to Tensor Products of Banach Spaces, Springer, London, 2002.

CATHOLIC UNIVERSITY OF RIO DE JANEIRO, BRAZIL
E-mail address: carlos@ele.puc-rio.br



