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Stability for time-varying discrete linear systems in a Banach space is investigated.
On the one hand is established a fairly complete collection of necessary and
sufficient conditions for uniform asymptotic equistability for input-free systems.
This includes uniform and strong power equistability, and uniform and strong
£,-equistability, among other technical conditions which also play an essential
role in stability theory. On the other hand, it is shown that uniform asymptotic
equistability for input-free systems is equivalent to each of the following concepts
of uniform stability for forced systems: ¢,-input {£,-state, e-input ¢-state,
bounded-input bounded-state, ¢,-input bounded-state (with p>1), ety -input
bounded-state, and convergent-input bounded-state; these are also equivalent to
their nonuniform counterparts. For time-varying convergent systems, the above is
also equivalent to convergent-input convergent-state stability. The proofs pre-
sented here are all ‘elementary’ in the sense that they are based essentially only
on the Banach-Steinhaus theorem.

Key words. Discrete-time systems, linear systems, infinite-dimensional systems,
stability theory, time-varying systems.

1. Introduction

ConsiDer the class of infinite-dimensional discrete dynamical systems, operating
in a deterministic environment, whose models are described by a linear difference
equation evolving in a Banach space. Such a class can be naturally split into four
subclasses, according to whether the models are homogeneous (i.e. input-free
systems) or inhomogeneous (i.e. forced systems) on the one hand, and auton-
omous (i.e. time-invariant systems) or nonautonomous (i.e. time-varying systems)
on the other hand. These comprise the whole class of systems that we shall be
dealing with in this paper. Thus we omit, from now on, the qualifications

infinite-dimensional, discrete, linear, and deterministic, since they will be

implicitly understood.

The stability problem (mainly strong and uniform asymptotic stability) for
input-free time-invariant systems has been investigated by several authors (e.g.
see [3, 5, 6, 8, 12]). A few results for forced time-invariant systems have also
been considered in the literature (e.g. see [3, 7, 12]). Some interesting results on
stability for time-varying systems, which comprise the central theme of this paper,
have recently appeared in the literature. For input-free systems, the relationship
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between weak, strong, and uniform power equistability, as well as between strong
and uniform ¢,-equistability, was analysed in [11]; and further results on strong
and uniform asymptotic equistability were presented in [9]. For forced systems, it
was shown in [10] that £,-input bounded-state stability (with p > 1) implies
uniform power equistability under the assumption of uniform equicontrollability.
As far as the stability problem for continuous-time systems is concerned, see e.g.
the references in [11].

In this paper, we shall be dealing with the uniform-stability problem for each of
the four subclasses described above, with emphasis in forced time-varying
systems. In Section 2, we present a fairly complete collection of necessary and
sufficient conditions for uniform asymptotic equistability. Section 3 is concerned
with a discussion of the results obtained in Section 2. These two sections deal with
input-free time-varying systems. Their purpose is fourfold. They contain the
auxiliary results that will be needed in the sequel, survey the previous results,
introduce further new results, and present ‘elementary’ proofs for some known
results which were originally established by ‘nonelementary’ means. Sections 4
and 5 investigate the stability problem for forced time-varying systems. The
particular case of convergent time-varying systems is also considered.

The notation used throughout this paper is summarized as follows. N will
denote the nonnegative integers (i.e. including zero). X will denote a Banach
space and B[ X] the Banach algebra of all bounded linear operators of X into
itself. We shall use ||*]| to denote both the norm in X and the induced uniform
norm in B[ X]. As usual, £,(X) (for any real number p = 1), &(X), ¢(X), and
£.(X) (with their standard norms ||*|,, ||*||=, ||*]l=, and [}*|l., respectively) will
stand for the Banach spaces of all X-valued sequences x = (x(i) : i e N) € X™ such
that

o 1p
Il = (2 @) <
lim_,.. |lx(9)|] =0, lim,_... ||x({) — x|| = 0 for some x € X, and
ell- = sup (O] <=,

respectively, so that €,(X) < &(X) = 8(X) c £.(X). Given a sequence (A(k) : k €
RJ) of operators in B[ X], set ®(k, k) = I (the identity in B[ X]) for every k =0, and

k+i-1

O+, k)= [ A(D)=AK+I-1)--- Ak)

for every { =1 and k =0, so that
Ok+l+mk)y=Pk+1+m, k+ Dk +1, k)

for every k,I,m =0. The double sequence (D(k + 1, k) : k,l € N) € BLX]Y will be
referred to as the evolution operator process associated with (A(k) : k e N).
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2. Input-free systems

Given any integer k=0 and an arbitrary x € X, consider the sequence
(x(!) : 1 e N) € X™ recursively defined by the following nonautonomous homoge-
neous difference equation.

(1a) x(I1+1)= Ak +Dx(), x(0)=x€eX,
whose solution is
(1b) x(D=dk+1L, k)x VI=0,

where (®(k +1, k) : k,I € N) is the evolution operator process associated with the
operator sequence (A(k):k eN)eB[X]N. The purpose of this section is to
present, in a unified way, several necessary and sufficient conditions for uniform
asymptotic equistability.

Derinmion 1. The model (1), or equivalently the operator sequence (A(k) : k €
N), is uniformly asymptotically equistable if, for each >0, there exists an
integer /, = 0 such that

Izl, > ||®k+Lkx|<e|x]] Vk=0 VxeX

or equivalently if supg.g || P(k +1, k)|| =0 as [—> .
THeoReEM 1.  Consider the model (1). The following assertions are equivalent.
(A) lim,. supsao | Pk + 1, k)| =0.
(B) supiao | Pk +1, k)||<1 Vi=l, forsomel,=1.
(C) supgag [|AKK)|| < and supgug||P(k + 1y, k)| <1 for some ly=1.
(D) limsup,_... supxao | P(k + 1, k)| < 1.
(E) There exist real constants y =1 and « € (0, 1) such that

Pk +1, k)| <ya! Vk,I=0.
(F) For every p >0, there exists a positive number o, such that

S|Pk +1, k)P <a, Vk=0.

1=0
(G) For every p >0, there exists a positive number o, such that

SB |Pk+1, k)x||P<o0, |Ix|I”P Vk=0 VxeX
(H) For some q >0, there exists a positive number o, such that
glt¢(k +LK) <0, VKk=0.
(I) For some q >0, there exists a positive number a, such that

DBk +L kx|l <o, f|x[I Yk=0 VxeX

=0
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(J) For every p >0, there exists a positive number p, such that
Ptk +LK)IP<(+1)'n, VkliI=0.

(K) For some q >0, there exists a positive number p, such that
ok +L K <+1)"'u, VkI=0.

(L) For every p >0, there exists a positive number p, such that

!
> N Pk+Lk+m)|P<p, VkiI=0.

m=Q

(M) For some q >0, there exists a positive number p, such that

{
D Nek+Lk+m)|<p, VkI=0.

mw=(

(N) lim,_, ., SUPxao SUPyao || B72 @k +1, k)|l = 0.

Proof. To begin, let us remark that it is implicitly assumed in (A), (B), and (D)
that the underlying nonnegative sequence (supyao ||P(k +1, k)| :1€ N) is well
defined, i.e. SUpgao||P(k+ 1, k)|| < for every /=0, so that (for [=1)
SUP&ao [|A(K)|| <®. Now consider the following auxiliary assertions.

(O) There exist real functionals y(*),a(*) : X — R such that y(x) = ||x||, a(x) €
(0,1), and

lD(k + 1, k)x|| < y(x)a(x) Vk,[=0.
(P) For every p >0, there exists a real functional o,(*) : X — R such that
2} [Pk +1, k)x||? <0,(x) Vk=0 VxeX
(Q) For some g >0, there exists a real functional o,(*) : X — R such that
SB lPk +1, k)x|lf<0,(x) Vk=0 VxeX

(R) There exist real functionals g(*),o(¢) : X— R such that g(x) >0 and
S Pk +1, k)x|"®<0o(x) Vk=0 VxeX
=0

(S) For every p >0, there exists a real functional g,() : X — R such that
Dk +1, KxllP < +1)'u,(x) VkI=0 VxeX

(T) For some g >0, there exists a real functional u,(+) : X — R such that
NPk +1, k)xl|* <+ 1) 'u,(x) VkI=0 VxeX

(U) There exist real functionals g(*),u(*) : X — R such that q(x) >0 and
NPk +1 x| < +1)'u(x) VkI=0 VxeX
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We shall verify the implications as indicated in the following diagram.
P —S

H— 11— Q—R

I

F—G L <——'¥‘

—

O E ->L

ZNe
D C N M—Ke—]
\B/ A

First we show that (C)=> (E). Suppose (C) holds, and set
@ =sup || P(k + Iy, k)||"°<1.
k=0

It is readily verified by induction (on n) that
sup || @k + nly, k)| <a™ Vn=0.
k=0

For each [ =0, let n, be the least positive integer greater than or equal to /[, (i.e.
Osn,—1=l/ly<n), so that 0! —(n, - 1)ly<l, and @™ < & for every [=0.
Thus, for any k,! =0, we have
I Pk + 1, k)|l < || Pk +1, k + (n, — Do)l |1 Pk + (n, — D), k)|
<sup [|A(K)||!~ "~ Dagr=Ds
k>0

< a " max {1, sup ||A(k)||’°}a".
k>0

Hence (C) = (E). Next we verify that (P)=(S). Let p be an arbitrary positive
real number. For any .,/ =0, we have

(+1) Pk + 1, k)x||P = El: [l Pk + 1, k)x||?

m=0
1
< 2 1ok +1 k+m)l|” |9k +m, k)x||?
m=0
for all x € X. Note that (P) obviously implies that, for any p >0,
Pk + 1, k)x|| < 0,(x)"P <o

for all x € X and every k,/ = 0. Thus, by the Banach—Steinhaus theorem (e.g. see
[2: p. 66]), there exists a positive constant 5 such that || @(k + I, k)|| < n <o for
every k,I = 0. Therefore, for any k,/ =0, we get

(+1) || Pk + 1, k)x||” = n’o,(x) <o
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for all x € X, whenever (P) holds. Hence (P)=(S). Proceeding in a similar
fashion yields

]
4+ D)DK+ ET< D 1Pk +1, k+m)||? || Pk +m, k)||? < pi<e
m=0
for every k,/ =0, whenever (M) holds. Hence (M) = (K). By combining the two
approaches used above, we finally supply a proof for (R)=(T). Suppose (R)
holds and, for each x € X, let n(x) be the least positive integer greater than or
equal to g(x) (i.e. 0<n(x)—1<q(x)<n(x) <), so that 0</<(I+1)"® -1
for all x € X and every I = 0. Thus, for any k,/=0, it follows that

(+ 199 Dk + 1, K)x|[*9 < ([ + 1)"® || d(k + 1, k)x||9™

U+ =1
= § Pk + 1, k)x||?*

m=0

{+1y0—1
< 5 | Pk + 1, k +m)||7 || Dk + m, k)x||9)
m=0
for all x € X. Since (R) obviously implies that || ®(k + [, k)x|| < o(x)"9*) < for
all xe X and every k,/=0, we get | P(k +1, k)|| <n <o (for some positive
constant n) for every k,/ =0, by using the Banach-Steinhaus theorem again.
Therefore, for any k,/ =0, we obtain

i Vg (x)
U+ 1) @Gk + 4 Ryl < n( 310Gk -+ m, )l
m=0

< no(x)"" <o

for all x € X. Hence (R)=> (T) with g =1. A straightforward application of the
Banach-Steinhaus theorem yields (S)=>(J) and (T)=>(K). The remaining
implications in Diagram 1 are trivial. Note that, since B[ X] is a Banach space,
assertion (N) means (by definition) that the family of series {¥.o ®(k +/, k)
: k = 0} is uniformly equiconvergent. []

3. Remarks

Remark 1. (Further equivalent assertions). The set of equivalent assertions in
Theorem 1 is certainly not exhaustive. For instance, ‘sup’ (whenever it appears
implicitly or explicitly in Theorem 1) can be replaced by ‘limsup’. To illustrate
this, we shall show that each of the assertions below, which will be required later
in this paper, is also equivalent to the assertions (A-U)

(A1) lim limsup || ®(k + [, k)|| =0.
o ko
(D) limsup limsup || Pk + £, k)||"' < 1.
] k—soo

This is readily verified as follows. Consider the following auxiliary assertions: (B’)
and (C') obtained by changing ‘sup,.,’ to ‘limsup,_.’ in (B) and (C), re-
spectively; and (E') obtained by changing the requirement ‘V k=0’ to ‘Vk =k,
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for some k=0’ in (E). Note that (A)=>(A')>(B')=>(C’') and (E')=>(D')>
(B’) trivially. Moreover, it is a simple matter to show that (E') = (E). Finally, by
applying exactly the same technique used to establish that (C)= (E) in the proof
of Theorem 1, it can be shown that (C') = (E’). Therefore, each of (A’) to (E') is
equivalent to (A-U).

Remark 2. (Time-invariant systems). For the particular case of a constant
operator sequence (A(k)=A:keN), the associated equivalent assertions in
Theorem 1 are trivially obtained by changing @(k + 1, k) to A’ in the theorem
statement. Many of these equivalent assertions for time-invariant systems are well
known (e.g. see [6]). Among them, the following will be needed in the sequel
(here r(A) denotes the spectral radius of A € B[ X]): For an arbitrary A € B[ X], the
assertions below are equivalent.

(A) lim,_.. || A"} =0.

(D) 1(A):=lim.... [|A||"' < 1.

(N) (L7-0 A’ : n € N) converges uniformly.

(No) ZioA'— (I — A)~! € B[ X] uniformly as n— .

Whereas (N) is the time-invariant version of (N), the assertion (N,) has clearly no
time-varying interpretation in general. However, it is well known (e.g. see [2: p.
567]) that (D)=>(Np), and (Ng)=> (N) trivially. Note that the natural time-
invariant counterpart of Definition 1 is: The autonomous version of model (1) (or
equivalently an operator A € B[ X)) is uniformly asymptotically stable if ||A’|| =0

as [— oo,

Remark 3. (A brief review). The equivalence between (A) and (E) is well known
(e.g. see [9]). Assertion (E) (resp. (O)) is usually referred to as uniform (resp.
strong) power equistability (cf. [9-11]). The expression in the left hand side of
(D) was called the generalized spectral radius of the sequence (A(k):k e N) in
[11], where the equivalence between (D) and (E) was analysed. Note that,
according to Remarks 1 and 2, the inequality in (D’) also generalizes the spectral
radius condition in (D). Assertion (I) (resp. (Q) and (R)) was referred to as
¢,-uniform (resp. €,-strong and €,(x)) equistability in [11], in which was also
established the equivalence between each of (E-G), (I), and (O-R), for the case
of p,q =1, by using the Baire category theorem. If we agree that “in this context
a proof is ‘elementary’ if it does not use the Baire category theorem’ (see [4: p.
13]) and recalling that (even in a Banach-space setting) the Banach-Steinhaus
theorem has an ‘elementary’ proof (see [1: p. 98]), we conclude that the proofs
presented here are substantially simpler than those in [11}, since we have used
(beyond really elementary analysis) just the Banach-Steinhaus theorem for
establishing the equivalence between each of (A-U). Now consider the following
assertion which, according to Definition 1, is naturally referred to as strong
asymptotic equistability.

(A,) }im sup ||P(k+ L k)x||=0 VxeX
—o k20
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Note that (A)=>(A,) trivially, but (A,)=> (A) in general. Actually, (A,) P (A)
even for a constant sequence (A(k)=A:k eN), although (A,)=>(A) for the
particular case of an operator sequence constantly equal to a compact operator
(e.g. see [6]). However, (A,) > (A) whenever sup,. || P(k + [y, k)|| <1 for some
lo=1 (recall that (C)=> (A) in Theorem 1). By using the above result, it has been
proved in [9] that (A,)=>(A) whenever (A(k):k eN) is collectively compact
(i.e. whenever the set

U {AK)x :x € X, |Ix]| <1}

k>0
is relatively compact in X). Note that a constant sequence (A(k)=A:keN),
with A e B[ X], is collectively compact if and only if A is compact.

Remark 4. (Time-varying convergent systems). If an operator sequence con-
verges uniformly, then it shares the same stability properties with its limit.
Precisely: Let (®(k + 1, k) : k,! e N) be the evolution operator process associated
with an operator sequence (A(k): k € N) € B[ X]™ which is supposed to converge
uniformly to A eB[X]. Since lim;_.. ||A(k)— A||=0, it is readily verified by
induction on / that lim,_,., || @(k + I, k) — A’|| =0 for every / =0. Hence

lim || @k + 1, k)| = ||AY)| VI=0.
k—»oo

By combining the above result with Remark 1 we get

(A) © (A) © (A) & limlim || ®k+1, k)| =0,
I—x k— >
with assertions (A), (A’), and (A) as in Theorem 1 and Remarks 1 and 2.

4. Forced systems

Given a sequence u=(u(i):ieN)e XN, consider another sequence x=
(x(i) : i e N) recursively defined by the following nonautonomous inhomogeneous
difference equation.

(2a) x(+1)=A@x@) +u@+1),  x(0)=u(0),

whose solution is
i
(2b) x(i) =2, D, Hu(j) Vi=0,
j=0

where (D(j+1,j):j,le N) is the evolution operator process associated with the
operator sequence (A(i):ieN)eB[X]N. The purpose of this section is to
investigate some aspects of (uniform) input-state stability.

THEOREM 2 Consider the model (2). The following assertions are equivalent.
@) (AG):ie N) is uniformly asymptotically equistable.
(b) For every p =1, there exists a positive number A, such that

lell, <A, llull, ¥ ue&,(X).
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(c) For some q = 1, there exists a positive number A, such that
lixlly <A; lull, Vue€,(X).

(d) There exists a positve number A, such that
lxlle < Ax 8]l ¥ u € £0X).

(e) ue £,(X)=>x e £,(X) for every p=1.

(f) ue 6,(X)>x e £, (X) for some g =1.

() ue € (X)>xe b(X).

(h) u €&(X)=>x e &(X).

Moreover, the assertion below implies the above ones.

(i) uee(X)>xee(X).
Proof. If (a) holds true then, from (E) (cf. Theorem 1) and (2b) we get

i
3 k@l <= o p,
j=0
for some pair of constants y=1 and a€(0,1), with B, =1y ||lu(i)||, for every
i = 0. Recall that the convolution (or the Cauchy product) ¢ = (y; : i e N) = axb of
a scalar sequence a = (a’ : i € N) in ¢, and a scalar sequence b = (B, :i eN) in ¢,
lies itself in £, with [[c]|l, <|la]|; ||b|l,, for any p =1 (see [2; p. 529]); which
clearly also holds if we set p=c. Hence, since jja|;=Ei.oa'=(1—a)7!, it
follows from (3) that (b) and (d) hold, with A, =A.=y(1—a)”! for any p=1.
Thus (a) = (b, d). Note that (b) = (e) = (f) and (d) = (g) trivially. Now we show
that (g) = (d). For each i =0, consider the transformation 8, : £.(X)— X given,
according to (2b), by )
x()) = 6u =2, 8G, j)u(j)

=
for all w=(u(j):jeN)e €X), which is clearly linear and bounded (i.e.
0, € B[£(X), X]: actually ||8;ll5ecx), x1= Ej=o0 | P, HII). If (g) holds, then

sup [|6ul| <= Vucef(X),
i

s0 that sup;ag || 8:llaecx), x] = A, for some positive constant A, by the Banach—
Steinhaus theorem. Hence (d) holds, since sup;.q[|6;u] <A ||lu]|. for all ue
£.(X). Thus (g)=> (d). In a similar fashion we can show that (f) = (c). For each
n=0 and an arbitrary u = (u(j) : j e N) € €,(X), set x, = (x,(i) : i e N), with

i
2 G u) itisn,
x,(i) =y j=0
0 ifi>n,
so that x, € £,(X) < £,(X); and consider the transformation ¥, : €,(X)— €,(X)

i b
given by Wu=rx
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for all u € £,(X), which is clearly linear and bounded (i.e. ¥, € B[£,(X)] : actually

n n i
| Wollyaocn < 2 max |¢G NI, 1EIFESS <D 2 1P, )HI7e?,
i=Q O<fsi i=0j=0

for g >1). If (f) holds, then
n 1/q

) Ieally = (2 I @I7) < lhelly <o
i=Q

for every n =0, whenever u € £,(X), according to (2b). Therefore,

sup || Pull, <> Vuef(X),
n=>0

s0 that sup,aq || Wellse,00 = A,, for some positive constant i,, by the Banach—
Steinhaus theorem. Hence

lhellg =sup [ Woully < Ag llull, ¥ u e £,(X),

according to (4). Thus (f) = (c). On the other hand, each of (¢) and (d) implies
(a). To verify this, take an arbitrary u € X and, for each k=0, set

u, = (u (i) : i e N) € €,(X)  €.(X)
for any g = 1 as follows:
) u if i=k,
(i) = {0 it itk
so that ||u;]lq = ||uk]l = [Ju|] for each k =0 and any q = 1. Thus, for each k=0,
we get x, = (x,(i) : i e N) from (2b), given by

o, k)u if i=k,

x"(’)={0 if 0<i<k.

If (c) holds, then
/E?; (| D(k +1, k)ul|? = Ek [P, Kull® = lellg < AF Nuelld = AZ ||eefi?
= =

for every k=0 and all u € X, so that (I) (cf. Theorem 1) holds. Thus (c)=> (a).
Now, for each k=0, let y, = ( y(i):ie N) be recursively defined by model (2)
with u = (u(i) : i € N) replaced by x, = (x,(i) : i e N), so that

C[G-k+ DB K i i=k,
y"(’)_{o if 0<i<k,

according to (2b). If (d) holds, then
sup (1+ 1) [[ @Gk + 1, kyull = sup (i —k + 1) |0, K)ull = [ yell

< A |l < AZ Nati o = AZ ||ue))

STOZ ‘62 JOQUIBAON UO A1SIBAIUN USEUO A Te /B10'S [euIno [piojxo wew //:diy wouj papeoumod


http://imamci.oxfordjournals.org/

DISCRETE LINEAR SYSTEMS 279

for every k =0 and all u € X, so that (K) (cf. Theorem 1) holds. Thus (d) = (a).
Next we show that (a) < (h). First recall that

&) lim i g =(1-a) 'lim§
—® () i—»o0

for every convergent scalar sequence (&, :i e N) if and only if |a| <1 (e.g. see
[7]). From (3) and (5) it follows that (a)=> (h). On the other hand consider the
following auxiliary assertions.

(h") uee(X) > xeb(X),
(h") el <A llullo ¥ u€(X),
for some positive constant A,. We claim that
h) > G) & &)

Actually (h)=> (h') < (h") trivially, and (h') = (h") as follows. For each i =0, let
67 € Bleo(X), X] be the restriction of 6; €B[£.(X), X] on the Banach space
t(X) c €.(X). Proceeding as in the proof of (g) > (d), we get

6? =
sup 167 llet ). x1= Ao
for some positive constant 4y, whenever (h’) holds, so that
sup [[6ful] < Ao ljull.
(e
for all u €&y, X). Thus (h')=> (h"). Now, for an arbitrary u € X and each k =0,
consider the sequences u,, x;, and y, defined above. Note that

llxille =< Ao Hukl = Ao Ilucll

for every k=0 whenever (h) holds, since (h)=>(h") and u, €6,(X) for every
k=0; and

1 Yelle = Aol bk |lo

for every k =0 whenever (h) holds, since x; € &(X) for every k =0 whenever (h)
holds (because u; € ¢,(X) for every k =0) and (h) = (h"). Therefore,

sup (I + 1) | P(k +1, kJull = || yille =< A5 [Ju|
1

for every k =0 and all u € X, so that (K) (cf. Theorem 1) holds. Thus (h) = (a).
Finally consider the following further auxiliary assertions.

i) uee(X) > xefb(X),

(i") xlle<Allull. Vuece(X)

for some positive constant A; and let 6; e B[e(X), X] be the restriction of
0; € B[£.(X), X] on the Banach space ¢(X) c £.(X), for each i =0. Proceeding
exactly as in the proof of (h)=> (a), we get (i) (i"), so that (i)=> (i), which
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implies that (i)= (a). Note that (a)3(i); e.g. take A(i)=0 for even i and
A(i)=3%Ifor odd i, and u(i)=u#0e€ Xforalli=0. O

CoroLLARY 1. Suppose (A(i):i e N) e BUXIN converges uniformly to A eB[X].
Then all the assertions (a—i) in Theorem 2 are equivalent. Moreover, they are also
equivalent to the following further one:

() 3U-A)T'eBX] and lmx(@)=(~A)"limu(@) Vuee(X).

Proof. According to Theorem 2, we just need to show that (a)=>(j), since
(j)=> (i) trivially. First recall that (a)=>(h). Now take the limiting operator
A€ B[X] and, for an arbitrary u € X, set

i i
£ =2 (@, )~ A7, a(i+1)=[AG) - A1 X @G, j)u,
/=0 j=0
for each i = 0. It is readily verified that
E(i+1)=Af@)+a@i+1) Vi=0, (0)=4a(0)=0.

If (a) holds and ||A(i) — A]|—=0 as i—x, then the above autonomous model
is uniformly asymptotically stable, according to Remark 4, so that (h) also applies
to it in particular. Moreover, lim, . ||Z(i)|| =0 whenever lim,,.. ||A({) — Al|=0
and (a) holds (since (a) > (L) in Theorem 1). Thus

2 [(D(i, ]) - Al_]‘]u

j=0
On the other hand, (2b) gives

(6) lim

—»00

=lim |lx()|] = 0.
f—»00

x(i)— 2 Au= ,Eo DG, j)u(j) —ul+ 2 (PG, ) — A7y,

j=0 j=0

for any u € X and every i =0, so that, if (a) holds, then (E) gives (cf. Theorem 1)

2 PG, ) — A u

j=0

< zl: o7E+

=0

-3 A

j=0

»

where &§; =y |[u(i) —u||, for every i=0, with y=1 and o« €(0,1) as in (3).
Hence, (5) and (6) give
i
lim [[u(i)) —ul|=0 > lim‘ ()= D Aull=0
> o

j=0

whenever (a) holds. Moreover, since A(i)—> Ae€B[X] uniformly as i—o, it
follows from Remarks 2 and 4 that (a) implies (No) in Remark 2. Thus (a) > (j),
since

i N —(I-A)"

j=0

+

()~ (= Ayl < r) - 3 A |

j=0

for anyue X and everyi=0. O
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5. Concluding Remarks

Remark 5. (€,-input €.-state stability (with p > 1), ty-input £.-state stability, and
¢-input €_-state stability). For g > 1, the result (f) > (a) in Theorem 2 becomes a
particular case of that presented in [10]. Indeed, each of the assertions below is
also equivalent to (a-h).

(b’) For every p > 1 there exists a positive number 7, such that
lixll=mn, lull, Vue£(X).

(c') For some g > 1 there exists a positive number 7, such that
il =< ng llull, ¥ ueé,(X).

(e') ue {,(X)>xe €(X) forevery p>1

(') ue €,(X)>xe €(X) for some g > 1.

(h’) uee(X)>xe £,(X).

(h") [|x]l- =< 1o ||lu||~ for all u €ey(X), for some positive constant 1.

(i) uee(X)>xe £(X).

(i) (|xlle=<n [lull. for all u €e(X), for some positive constant 7.

This can be verified as follows. From (E) (see Theorem 1) and (2b), we get
(a)=> (b’) by using the Holder inequality. Note that (b')=> (e')=> (f’) trivially.
For each i=0, let the transformation 6, ,:¢€,(X)— X be the restriction of
0;: £(X)—> X on €£,(X), which is clearly linear and bounded (i.e. 6, €

B[£,(X), X] : actually
i
16 MFESE X < 20 1P, j)HiIF @D
j=0

for any g > 1). Proceeding as in the proof of (g)= (d) in Theorem 2, we get
(f')=>(c'). It can be shown that (c')=> (a) by using the same technique proposed
in [10], which is essentially the following. Let £€(0,1) and, for an arbitrary
u € X and for each k=0, set

wili) = {e""tb(i, ku if i=k,
k 0 if 0<i<k.

For each k=0, let x; = (x;(i) : i e N) be the response to uj = (ui(i):ieN) in
(2b), so that
Xk +D)=(1— €)1 - YDk +1, k)u Vk,I=0.

Note that (c’) implies ||®(k +1/, k)| <n, for every k,/=0 (consider the se-
quences u, and x; defined in the proof of Theorem 2), which implies

Natilly < n (1 — €7)™" jjul).
Hence ||x;(k + )|l < |ixille < 72(1 — €9)™"9 ||u|| whenever (c’) holds. Therefore

sup || @(k +1, k)| < n3(1 - e)(1 - ) ~V(1 — &*1) " VI=0,
k>0
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Since ¢>1, we have (1—¢€)(1—€9)""9—0 as £¢— 1. Then, by taking &=
€, € (0,1) sufficiently close to 1, there exists /, =/,(&,) large enough so that (B)
(cf. Theorem 1) holds true. Thus (c’)=> (a). Finally note that (g) > (i')=> (h’)>
(e') and (d) > (i") > (h") > (h’') trivially.

Remark 6. (£-input £.-state stability). By setting A(k) = I € B[ X] for every k =0,

it is trivially verified that (f') 3 (a) for ¢ = 1 in Remark 5. Actually, the assertions
below are equivalent.

(a)) || P(k + 1, k)|| = n for all k,l= 0, for some positive constant 7).
(1) lIxll==<m |lu|l, for all u € £,(X), for some positive constant 7.

(f)) we 6(X)>xe €(X).

The verification is straightforward: (a,) = (c,) = (f,) trivially; (c,) > (a,) by using
the sequences u, and x, defined in the proof of Theorem 2; and (f,)=>(c,) as
follows. Let 6, , € B[ £,(X), X] be defined as in Remark 5 (so that [|8; ;||g ¢, x), x| <
maxy«;< || P>, j)I|), and proceed as in the proof of (g) > (d) in Theorem 2.

Remark 7. (An illustrative application). Suppose a given operator sequence
(A@):ieN)eBX]" converges uniformly to A eB[X], and consider the state
sequences x = (x(i):i eN) e X™ and £=(x(i):ieN)e XN generated by the
models

(2a) x(i+1)= AGx() +u( +1),  x(0)=u(0),
(2a) G +1)=Ag@) +a@+1),  £(0)=a0),

for arbitrary bounded input sequences u = (u(i):i e N) e £.(X) and & = (a(i)
. i eN) e €.(X), respectively. We claim that the nonautonomous uniformly con-
vergent model (2a) is an asymptotic state estimator for the limiting autonomous
model (23) (i.e. lim.,. [|x(i) — £(i)|| = 0 whenever lim,_,.. ||u(i) — a(i)|| = 0) if and
only if the limiting autonomous model (23) is uniformly asymptotically stable. In
other words, by setting #=u —a and ¥ =x —x, we claim that the assertions
below are equivalent.

(3) A €B[X] is uniformly asymptotically stable (cf. Remark 2).
(h) @ ee(X) > € &(X).

This can be verified as follows. First recall that (3) is equivalent to (a) in Theorem
2, according to Remark 4, since lim,_., || A({) — A|| = 0. By setting A(i) = A(i) —
A for each i =0, we get from (2a) and (2a) the model

(2a) i +1)=AF@) +w(i+1),  £(0)=i(0) = w(0),

with w = (w(i) : i e N) € X"™ given by w(i + 1) = A(i)x(i) + i(i + 1) for each i = 0.
Now suppose (a) holds. Recall that (a) implies (g) in Theorem 2, so that
xe é,(X), since ue €, (X). Hence, @ee,(X) implies weey(X), since
lim_... | A(i)ll =0, which implies ¥ € &(X) in (2a) whenever (@) holds, according
to Theorem 2 (for the particular case of a constant sequence). Thus (a) = (h). On
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the other hand, set & = 0 in (23), so that & = u and ¥ = x. Hence (h) implies that
x €6(X) whenever u €e(X); or equivalently, (h) implies (h) in Theorem 2,
which implies (a) according to Theorem 2. Thus (h) = (a).

10.
11.
12.
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